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Products of Functions in BMO(A:’) and via Wavelets 

over Spaces of Homogeneous Type 

Xing Fu, Dachun Yang * and Yiyu Liang 


Abstract Let (A, d, /i) be a metric measure space of homogeneous type in the sense 
of R. R. Coifman and G. Weiss and be the atomic Hardy space. Via or¬ 

thonormal bases of regular wavelets and spline functions recently constructed by P. 
Auscher and T. Hytonen, the authors prove that the product / x 5 of / € 
and g G BMO(A), viewed as a distribution, can be written into a sum of two 
bounded bilinear operators, respectively, from Hl^{X) x BMO(A) into L^{X) and 
from Hl^{X) x BMO(A) into which affirmatively confirms the conjecture 

suggested by A. Bonami and F. Bernicot (This conjecture was presented by L. D. Ky 
in [J. Math. Anal. Appl. 425 (2015), 807-817]). 


1 Introduction 

Let and BMO(M^) be, respectively, the classical Hardy space and the space 

of functions with bounded mean oscillations on endowed with the H-dimensional 
Lebesgue measure. As is well known, the pointwise product fg for / € i^^(M^) and 
g G BMO(M^) may not be meaningful, since this pointwise product is not locally integrable 
on in general (see [5] for the details). Nevertheless, we can view such a product as a 
distribution, which is denoted hy f x g (see [5] again). 

In 2007, Bonami et al. [5] systematically studied the product of / € L7^(M^) and 
g G BMO(M^), which is viewed as a Schwartz distribution and can be further written as 
a sum of an integrable function and a distribution in some adapted Hardy-Orlicz space. 
Recently, Bonami, Grellier and Ky [4] essentially improved this result in the following two 
main aspects. 

The first aspect is that the aforementioned Hardy-Orlicz space can be replaced by a 
smaller space L7*°®(M^), which is a particular case of Musielak-Orlicz-type Hardy spaces 
originally introduced by Ky [25]. Via the main theorem of Nakai and Yabuta [38], Bonami, 
Grellier and Ky [4] further showed that L7*°®(M^) is optimal in the sense that it can not be 
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replaced by a smaller space; see [4, 25] for the details. For more properties on Musielak- 
Orlicz-type Hardy spaces, we refer the reader to [18, 25, 30, 31, 32, 33, 40]. 

Secondly, Bonami, Grellier and Ky [4] answered a question of [5] via showing that f x g 
can be written into a sum of two bilinear bounded operators, respectively, from x 

BMO(M'^) into and from x BMO(M'^) into As a consequence, 

they obtained an optimal endpoint estimate involving the space for the div-curl 

lemma, which is related to an implicit conjecture from [5] (see also [4, 3]). Moreover, the 
above decomposition of the product plays an essential role in establishing the bilinear or 
the subbilinear decompositions, respectively, for the linear or the sublinear commutators 
of singular integrals by Ky [24]. For more applications of the above decompositions, we 
refer the reader to [26, 28]. 

As is well known, many classical results of harmonic analysis over Euclidean spaces can 
be extended to spaces of homogeneous type in the sense of Coifman and Weiss [6, 7], or 
to the RD-space introduced by Han, Muller and Yang [16] (see also [15, 42]). 

Recall that a quasi-metric space (A, d) equipped with a nonnegative measure g is called 
a space of homogeneous type in the sense of Coifman and Weiss [6, 7] if (A, d, p) satisfies 
the following measure doubling condition: there exists a positive constant Cf^x) € [l,c)o) 
such that, for all balls B{x, r) := {y G A : d{x, y) < r} with x G A and r G (0, oo), 

p{B{x,2r)) < C(^x)h{B{x,r)), 

which further implies that there exists a positive constant Cf^x) such that, for all A G [1, oo), 

(1.1) p{B{x,Xr)) < C(x)>^^KB{x,r)), 
where n := log 2 C'(a')- Let 

(1.2) no := inf{n G (0, oo) : n satisfies (1.1)}. 

Observe that no measures the dimension of A in some sense, uq < n and (1.1) with n 
replaced by no may not hold true. 

It is known that a space of homogeneous type, (A, d, p), is called a metric measure space 
of homogeneous type in the sense of Coifman and Weiss if d is a metric and, moreover, 
a space of homogeneous type, {X,d,p), is called an RD-space if it satisfies the following 
additional reverse doubling eondition (see [16]); there exist positive constants ao, C(^x) ^ 
(l,oo) such that, for all balls B{x,r) with x G A and r G (0, diam(A)/ao), 

p{B{x,aor)) > d(^x)h{B{x,r)) 

(see [42] for more equivalent characterizations of RD-spaces). Here and hereafter, 

diam(A) ;= sup{d(x,y) : x, y G A}. 

Let (A, d, p) be a space of homogeneous type. Coifman and Weiss [7] introduced the 
atomic Hardy space Hff'^{X,d,p) for all p G (0,1] and q G [l,oo] n (p,oo] and showed 
that Hff‘^{X,d,p) is independent of the choice of q, which is hereafter simply denoted 
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by , d, iJ,), and that its dual space is the Lipschitz space , d, n) when 

p € (0,1), or the space BMO{X,d, p) of functions with bounded mean oscillations when 
p = 1. Coifman and Weiss [7] also introduced the measure distance p defined by setting, 
for all X, y ^ X, 

(1.3) p{x, y) := inf {p {Bd) : Brf is a ball containing x and y} , 

where the infimum is taken over all balls in (X,d,p) containing x and y; see also [34]. 
It is well known that, although all balls dehned by d satisfy the axioms of the complete 
system of neighborhoods in X [and hence induce a (separated) topology in Af], the balls 
Bd are not necessarily open with respect to the topology induced by the quasi-metric d^ 
However, Macias and Segovia [34, Theorem 2] showed that there exists a quasi-metric d 
such that d is equivalent to d, namely, there exists a positive constant C such that, for all 
x,y e X, 

C~^d{x,y) < d{x,y) < Cd{x,y), 
and the balls in {X, d, p) are open. 

We also recall that a quasi-metric measure space {X, p, p) is said to be normal in [34] 
if there exists a fixed positive constant C'(p) such that, for all x G T’ and r G (0, oo), 

< p {Bp{x,r)) < Cf^p^r. 

Assuming that all balls in {X, d, p) are open, Coifman and Weiss [7, p. 594] claimed 
that the topology of X induced by d coincides with that of X induced by p and {X, p, p) 
is a normal space, which were rigorously proved by Macias and Segovia in [34, Theorem 
3], and also that the atomic Hardy space H^^{X,d,p) associated with d and the atomic 
Hardy space H^^{X, p, p) associated with p coincide with equivalent quasi-norms for all 
p G (0,1]. Macias and Segovia [34, Theorem 2] further showed that there exists a normal 
quasi-metric p, which is equivalent to p, such that y is 6-Holder continuous with 6 G (0,1), 
namely, there exists a positive constant C such that, for all x, x, y G A, 

\p{x,y) - p{x,y)\ < C[p{x,x)f [y(x,y) -Fy(x,y)]^"® . 

Via certain geometric measure relations between {X,d,p) and {X,p,p), Hu et al. [19, 
Theorem 2.1] rigorously showed the claim of Coifman and Weiss [7, p.594] on the coinci¬ 
dence of both H^^{X,d,p) and H^^{X, p, p), which was also used by Macias and Segovia 
[35, pp. 271-272]. 

When (X, p, p) is a normal quasi-metric measure space, Coifman and Weiss [7] further 
established the molecular characterization for Hl^{X, p, p). When {X,p,p) is a normal 
quasi-metric measure space and p is 6*-Holder continuous, Macias and Segovia [35] ob¬ 
tained the grand maximal function characterization for H^^{X,p,p) with p G (j^, 1] via 
distributions acting on certain spaces of Lipschitz functions; Han [14] obtained their Lusin- 
area function characterization; Duong and Yan [8] then characterized these atomic Hardy 
spaces in terms of Lusin-area functions associated with some Poisson semigroups; Li [29] 
also obtained a characterization of H^^{X,p, p) in terms of the grand maximal function 
defined via test functions introduced in [17]. 
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Over RD-spaces {X^d^fi) with d being a metric, for p G i no+i ^ with no as in (1.2), 
Han et al. [15] developed a Littlewood-Paley theory for atomic Hardy spaces d, p); 

Grafakos et al. [ 12 ] established their characterizations in terms of various maximal func¬ 
tions. Moreover, it was shown in [16] that these Hardy spaces coincide with Triebel- 
Lizorkin spaces on {X,d,p). Some basic tools, including spaces of test functions, approx¬ 
imations of the identity and various Calderon reproducing formulas on RD-spaces, were 
well developed in [15, 16], in order to develop a real-variable theory of Hardy spaces or, 
more generally, Besov spaces and Triebel-Lizorkin spaces on RD-spaces. From then on, 
these basic tools play important roles in harmonic analysis on RD-spaces (see, for example, 
[11, 13, 15, 16, 22, 23, 41, 42]). 

Let {X,d,fi) be an RD-space. The problem about the product of / G Hl^{X,d, p) and 
g G BMO{X,d, p) was first studied by Feuto [9]. In [9], Feuto showed that the product 
of / G Hl^{X,d,p) and g G BMO{X, d, fi), viewed as a distribution, can be written as 
a sum of an integrable function and a distribution in some adapted Hardy-Orlicz space. 
Recently, Ky [27] improved the above result via showing that the product g x f can be 
written into a sum of two linear operators and via replacing the Hardy-Orlicz space by 
H^°^{X,d,g,) which is a smaller space than the aforementioned Hardy-Orlicz space and 
is known to be optimal even when X = endowed with the D-dimensional Lebesgue 
measure. A. Bonami and F. Bernicot further conjectured that g x f can be written into a 
sum of two bilinear operators, which was presented by Ky in [27, p.809, Conjecture]. 

Recently, Auscher and Hytonen [1] built an orthonormal basis of Holder continuous 
wavelets with exponential decay via developing randomized dyadic structures and prop¬ 
erties of spline functions over general spaces of homogeneous type. Fu and Yang [10] 
further obtained an unconditional basis of Hl^(X) and several equivalent characteriza¬ 
tions of HI^{X) in terms of wavelets. Motivated by [1], [4] and [10], in this article, we 
give an affirmative answer to the aforementioned conjecture of Bonami and Bernicot on a 
metric measure space {X, d, g) of homogeneous type. 

We point out that the main result of this article can be used to study the end-point 
boundedness of commutators generated by linear or sublinear operators (see [24] for the 
Euclidean case). More applications are also possible (see [26, 28] for the Euclidean case). 
But we will not consider these problems in this article due to the length of the article. 

Throughout this article, for the presentation simplicity, we always assume that {X, d, g) 
is a metric measure of homogeneous type, diam(A’) = oo and {X,d,g) is non-atomic, 
namely, g{{x}) = 0 for any x G X. It is known that, if diam(A’) = oo, then g{X) = oo 
(see, for example, [1, Lemma 8.1]). 

To state the main result of this article, we first recall the notion of the space of test 
functions on X, whose following versions were originally introduced by Han, Muller and 
Yang [15, Dehnition 2.2] (see also [16, Definition 2.8]). 

Definition 1.1. Let xi G X, r G (0, oo), (3 G (0,1] and 7 G (0, 00 ). A function / on A is 
said to belong to the space of test functions, t/(xi,r,/3, 7 ), if there exists a non-negative 
constant C such that 

(Tl) |/(x)| < ^ v,(^,)+V(xi,x) [ r+d(xi,x) ]^ all X G A; 
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(T2) |/(x) - f{y)\ < C[f v4-i)+V{x,,x) i r+dU,x) ^^ for all x, y e X satisfying 
d{x,y) < [r + d{xi,x)]/2, 

where Vr{xi) := y{B(xi,r)) and V{xi,x) := y{B{xi,d{xi,x))). Moreover, for / G 
t/(xi, r,/3, 7 ), its norm is defined by setting 

\\f\\g{xi,r,y,^) ■= inf |C : C satisfies (Tl) and (T2)| . 

Fix xi G X. It is obvious that ty(xi, l,/ 3 , 7 ) is a Banach space. For the notational 
simplicity, we write G{f3,'y) instead of ^(xi, l,/ 3 , 7 ) 

For any given e G (0,1], let 7 ) be the completion of the set G{e, e) in G{(3, 7 ) when 
13,'y G (0, e]. Moreover, if / G G^ildn), we then let ||/||g;g(/ 3 , 7 ) := ll/lb(/ 3 , 7 )- Recall that 
the dual space {GQ{(d,'y))* is defined to be the set of all continuous linear functionals L 
from ^g(/ 3 , 7 ) to C and endowed with the weak-* topology. 

We remark that, for any x £ X and r G (0, 00 ), G{x,r, fd,^) = G{xi,l, fd,'y) with 
equivalent norms and the equivalent positive constants depending on x and r. 

The following notion of the space BMO(<T) is from [7]. 

Definition 1.2. The space BMO(T’) is defined to be the class of all functions, b G {X), 
satisfying 

ll^ll BMO(Y) := sup \b{x) - mB{b)\dy{x) < 00 , 

where the infimum is taken over all balls B '\n X and mB{b) := [y{B)]~^ bdy. 

Now we recall the following notion of Hardy spaces which was introduced in 

[7]. 

Definition 1.3. Let g G (l,oo]. A function a on A is called a {l,q)-atom if 

(i) supp (a) C B for some ball B d X; 

(ii) llolli.OT < 

(iii) 7 o{i) dii{x) = 0. 

A function / G L^(A) is said to be in the Hardy space if there exist (1, g)-atoms 

{aj}JLi and numbers C C such that 

OD 

(1.4) f = '^^Xjaj, 

i=i 

which converges in L^{X), and 

00 

'^\Xj\ < 00 . 
i=i 

Moreover, the norm of / in hIi'^{X) is defined by setting 

[ieN 

where the infimum is taken over all possible decompositions of / as in (1.4). 
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Coifman and Weiss [7] proved that and coincide with equivalent 

norms for all different q G (l,oo). Thus, from now on, we denote H^l^{X) simply by 

HltiX). 

Remark 1.4. It was shown in [7] that Hl^{X) is a Banach space which is the predual of 
BMO(T’). 


We also need to recall some notions and results from [27]. 

Let denote the Musielak-Orlicz-type space of //-measurable functions / such 

that 


\f{x)\ 


lx log(e-F |/(x)|) -Mog(e-Fd(xo,x)) 


dfj,{x) < oo; 


see [27]. For all / G L^°^{X), the norm of / is defined by setting 


Wfh- 


qaf) := inf |a G (0,oo) : 


\fix)\/X 


X log(e-F \f{x)\/X)+ log{e +d{xo,x)) 


dfi{x) < 1 


Remark 1.5. It is easy to see that L^{X) C L^°^{X) and, for all / G L^{X), 


Let e G (0,1], /?, 7 G (0, e] and / G {Qoild, j))* ■ The grand maximal function M.{f) is 
defined by setting, for all x G Al, 

(1.5) M{f){x) := sup {\{f,h)\ : hGt/o(^>7), ll^llg(x,r,/ 3 , 7 ) < 1 for some r G (0, 00 )} . 

The following notion of Musielak-Orlicz-type Hardy spaces is from [27]. 

Definition 1.6. Let e G (0,1] and /?, 7 G (0,e]. The Hardy space H^°^{X) is defined by 
setting 

H^^^iX) := {/ G (ea(/3,7))* : ll/ll//iog(;r) := ll-M(/)llTogW < 00 } . 

We also need to illustrate the meaning of the product f x g foi every / G Hl^^{X) and 
g G BMO(T’) (see [27]). For any h G 0o(/3,7), let 

(/ X 9:^) ■= (ghj) ■■= f ghfdp.. 

Jx 

From [27, Proposition 3.1] (see also Lemma 4.11 below), it follows that gh G BMO(T’) 
and hence the above definition is well defined in the sense of the duality between HL(X) 
and BMO(T'). 

Now we state the main result of this article as follows. 


Theorem 1.7. Let {X^d^fi) he a metric measure space of homogeneous type. Then there 
exist two bounded bilinear operators .if ; Hl^{X) x BMO(T’) — )■ L^{X) and : Hl^{X) x 
BMO(T) ^ iLi°s(T) such that, for all f G Hl^{X) and g G BMO(T), 

f X g = .S^{f,g) + J^{f,g) in iGoiP,^))* , 

where e G (0,1] and P, 'y G (0, e]. 
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We show Theorem 1.7 by borrowing some ideas from [4], Indeed, for all /, g € 
with finite wavelet decompositions, we write the pointwise product fg into a sum in L‘^{X) 
of three bilinear operators, Iii{f,g)^ and n 3 (/,^r), which are called paraproducts 

(see Lemma 3.1 below). We then investigate their boundedness separately. 

For IIs, from the orthonormal basis of regular wavelets, it follows easily that IIs is 
bounded from L‘^{X) x L‘^{X) into L^{X) (see Lemma 3.3 below). We then give the 
meaning of 113 ( 0 , (/) for any (l,2)-atom a and g € BMO(T’). This is essentially different 
from the proof of [4, Theorem 5.2] on Euclidean spaces via compactly supported wavelets, 
where 113 ( 0 , g) can be written into just one part which is estimated by the aforementioned 
boundedness of 113 . However, due to the lack of the compact supports of wavelets con¬ 
structed by Auscher and Hytonen [1], we need to decompose n 3 (a, 5 r) into three parts via 
the wavelet characterizations of BMO(A’) from Auscher and Hytonen [1, Theorem 11.4] 
(see the proof of Theorems 4.9 below). On the estimate of the first part, we use the 
boundedness of n 3 (a, 5 ) from x L?‘{X) into L^{X). Other two parts are estimated 

directly via the exponential decay of the wavelets and a related very useful technical lemma 
(namely, [1, Lemma 6.4] which is re-stated as Lemma 2.5 below). Finally, in Theorem 4.9 
below, we extend Hs to a bounded bilinear operator from Hl^{X) x BMO(A) into L^{X) 
by establishing a criterion on the boundedness of a sublinear operator from into 

a quasi-Banach space (see Theorem 4.7 below), where the equivalence of norms on finite 
linear combinations of atoms obtained by Mauceri and Meda [36] (see Theorem 4.5 below) 
plays a crucial role. 

For Hi, to show that Hi is bounded from L‘^{X) x L‘^{X) into 77,];^(A) (see Lemma 3.7 
below), we first write Ili{f,g) into a multiple sum via the spline expansion of / and the 
wavelet expansion of g. A key point here is, via smartly relabeling the index of summa¬ 
tions of this sum [see (3.33) below], we exchange the order of summations of this sum 
so that ni(/, ^r) becomes a sum of a sequence of Calderon-Zygmund operators acting on 
some functions which are proved to belong to Hl^^{X) by the equivalent characterizations 
of HI^{X) in terms of wavelets obtained in [10] (see also Theorem 2.14 below), which play 
key roles in this step. Thus, the desired boundedness of Hi follows from the boundedness 
in HI^{X) of Calderon-Zygmund operators and a technical lemma (see Lemma 2.15 be¬ 
low). Similar to Hs, we give the meaning of Hi (a, g) by decomposing it into three parts via 
the wavelet characterizations of BMO(A) (see the proof of Theorem 4.10 below), which is 
much more sophisticated than the Euclidean case due to the lack of the compact supports 
of wavelets. For the estimate of the first part, we use the boundedness of ni(a, (/) from 
L?‘{X) X L?‘{X) into Hl^{X). Other two parts are estimated directly via the vanishing 
moments of the wavelets, the properties of spline functions, the orthogonality, the expo¬ 
nential decay of the wavelets and [1, Lemma 6.4]. Finally, we extend Hi to a bounded 
bilinear operator from x BMO(A) into Hl^{X) via a way similar to that used for 

n3 (see Theorem 4.10 below). 

Now we turn to Ii 2 - The boundedness of H 2 from L‘^{X) x L?‘{X) into follows 

from the boundedness of Hi, since Il 2 {f,g) = Ili{g,f) for all f,g€ L?‘{X). To define 
Ii 2 {cL,g) for any (l,2)-atom a and g G BMO(A), we decomposing it into three parts (see 
the proof of Theorem 4.16 below), which are different from those of Hi and n 3 . For the 
estimate of the first part, we use the boundedness of ni(a,( 7 ) from L?‘{X) x L?‘{X) into 
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and the fact C (see Corollary 4.15 below). The second part 

is estimated directly via the vanishing moments of the wavelets, the properties of spline 
functions, the orthogonality, the exponential decay of the wavelets, [1, Lemma 6.4] and 
the fact that Hl^^{X) C H^‘^^{X). For the third part, we need some useful properties 
established in [27] (see also Lemmas 4.12 and 4.13 below, observing these properties are 
obtained without resorting to the reverse doubling property of X) and an observation that 
n2 (a, 1) = a [see (4.25) below] via the properties of spline functions. The last observation 
much simplihes the estimates for Ii 2 {ci-,g) (see some similar estimates in [4, Lemma 5.1] for 
the Euclidean case, which strongly depend on the compact support property of wavelets). 
Finally, we extend 112 to a bounded bilinear operator from Hl^{X) x BMO(T’) into iL^°®(T’) 
by a way similar to that used for Ila (see Theorem 4.16 below). 

By these boundedness of IIi, 112 and IIs, together with the decompositions for products 
in L?‘{X), we conclude that, for all (l,2)-atoms a and g G BMO(<T), 

ax g = Ui{a,g)+ U 2 {a,g)+U 3 {a,g) in {GoiP,'y)T , 

which is also different from the result in [4, Theorem 1.1] with compactly supported 
wavelets, where the above equality was proved to hold true in L?‘{X) with g replaced 
by gg, where ry is a smooth function with compact support. This, combined with the 
boundedness of Hi, 112 and IIs and a standard density argument, then finishes the proof 
of Theorem 1.7, where the wavelet characterizations of BMO(T’) and the fact 112 ( 0 ,1) = a 
again play crucial roles. 

Remark 1.8. (i) When {X,d,/j,) := (K^, | • \,dx) is the Euclidean space associated with 
the H-dimensional Lebesgue measure. Theorem 1.7 then coincides with [4, Theorem 1.1]. 

(ii) As in [24] on the Euclidean space, the main result of this article can be applied 
to investigate the end-point boundedness of commutators generated by linear or sublin- 
ear operators, since these commutators can be controlled by two bilinear or subbilinear 
bounded operators, which are constructed via Hi, 112 and IIs, the details being presented 
in another article. More applications to function spaces associated with operators on 
spaces of homogeneous type are also possible (see [26, 28] for the Euclidean case). Also, in 
a forthcoming paper, we will develop a complete real-variable theory for Musielak-Orlicz 
Hardy spaces, which include as a special case, on spaces of homogeneous type. 

(hi) In what follows, if the metric d is replaced by a quasi-metric p, by arguments 
essentially the same as those used in the case of d, we conclude that all the results obtained 
in this article remain valid, since most of the tools we need are from [1, 27] (see also 
[2]), which were established in the context of spaces of homogeneous type. Some minor 
modifications are needed when dealing with the inclusion relations between two balls, 
where the quasi-triangle constant is involved, which only alter the corresponding results 
by additive positive constants via (1.1). 

The organization of this paper is as follows. 

In Section 2, we recall some preliminary notions and the equivalent characterizations 
of HI^{X) in terms of wavelets from [10]. 

In Section 3, we establish the L‘^{X) estimates for the product of two functions in L\X) 
and, in Section 4, we finish the proof of Theorem 1.7. 
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Finally, we make some conventions on notation. Throughout the whole paper, C stands 
for a positive constant which is independent of the main parameters, but it may vary from 
line to line. Moreover, we use ) to denote a positive constant depending on the 

parameters p, a, .. .. Usually, for a ball B, we use cb and rs, respectively, to denote its 
center and radius. Moreover, for any x, y & X, r, p & (0, oo) and ball B := B{x,r), 

pB := B{x, pr), V(x, r) := p{B{x, r)) =: V;(x), V(x, y) := p.{B{x, d{x, y))). 

If, for two real functions / and g, f < Cg, we then write / < p; if / < p < /, we then write 
f ^ g. From (1.1), it easily follows that, for any x, y € X and r G (0,oo), if d{x,y) < r, 
then 

(1.6) V{x,r) r^V{y,r) 

with the equivalent positive constants independent of x, y and r. For any subset E of X, 
we use xe to denote its characteristic function. Furthermore, (•, •) and (•, •) represent the 
duality relation and the L‘^{X) inner product, respectively. 

2 Preliminaries 

In this section, we first recall some preliminary notions and some lower bounds for 
regular wavelets and then introduce the equivalent characterizations of in terms 

of wavelets from [10]. 

The following notion of the geometrically doubling is well known in analysis on metric 
spaces, for example, it can be found in Coifman and Weiss [6, pp. 66-67]. 

Definition 2.1. A metric space {X,d) is said to be geometrically doubling if there exists 
some Nq such that, for any ball B{x, r) C X with x G X and r G (0, oo), there exists 
a finite ball covering {B{xi,r/2)}i of B{x,r) such that the cardinality of this covering is 
at most Nq, where, for all i, Xj G A. 

Remark 2.2. Let {X,d) be a geometrically doubling metric space. In [20], Hytonen 
showed that the geometrically doubling condition is equivalent to each of following state¬ 
ments: 

(i) For any e G (0,1) and any ball B{x,r) C X with x G X and r G (0,oo), there 
exists a finite ball covering {B{xi,er)}i, with Xi G X for all i, of B{x,r) such that 
the cardinality of this covering is at most Noe~^°, here and hereafter. No is as in 
Definition 2.1 and Go := log 2 A^o- 

(ii) For every e G (0,1), any ball B{x,r) C X with x G X and r G (0, oo) contains at 
most Noe~^° centers of disjoint balls {B{xi,er)}i with Xi G X for all i. 

(hi) There exists M G N such that any ball B(x,r) C X with x G X and r G (0, oo) 
contains at most M centers {xi}i C <T of disjoint balls {R(xi,r/4)})^^. 

It was proved by Coifman and Weiss in [6, pp. 66-68] that metric measure spaces of 
homogeneous type are geometrically doubling. 
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In order to introduce the orthonormal basis of regular wavelets from [1], we first need to 
recall some notions and notation from [1]; see also [10]. For every A: € Z, a set of reference 
dyadic points, here and hereafter, 

(2.1) denotes some countable index set for each k (z Z, 


is chosen as follows [the Zorn lemma (see [39, Theroem 1.2]) is needed since we consider 
the maximality]. For k = 0, let := be a maximal collection of 1-separated 

points. Inductively, for any A: G N, let 

(2.2) := W, D and W, C 

be maximal 5^-separated and (5“^-separated collections in X and in respectively. 

Fix 6 a small positive parameter, for example, it suffices to take 5 < From [1, Lemma 
2.1], it follows that 

(2.3) d > 5^ for all a, /3 G ^^4 and a ^ P, d{x, := ii^ d ^x,x^^ < 26^. 


Obviously, the dyadic reference points {x^lfegz,aG.t4 satisfy [21, (2.3) and (2.4)] with 
ylo = 1, Co = 1 and Cq = 2, which further induces a dyadic system of dyadic cubes over 
geometrically doubling metric spaces as in [21, Theorem 2.2]. We restate it in the following 
theorem, which is applied to the construction of the orthonormal basis of regular wavelets 
as in [1]. 

Theorem 2.3. Let (T, d) be a geometrically doubling metric space. Then there exist 
families of sets, C C (called, respectively, open, half-open and closed dyadic 
cubesj such that: 

(i) and denote, respectively, the interior and the closure of Q^; 


(ii) G Z n [A:, oo) and a, /3 G £/k, then either C or 0 = 0; 


(hi) for any A: G Z, 


~ LJ {disjoint union)-, 

a£^k 


(iv) for any k G 7, and a G .e4 with as in (2.1), 

B (^xl 1,5") C C S (x^,4,5") =: B ; 


(v) ifkG7, i gZD [A:,oo), a, (5 G (^nd C Q", then B{Qp) C i?((5"). 

The open and closed cubes and Q^, with {k,a) G , here and hereafter, 

(2.4) £/ := {(A:, a) ; k G 7, a G £^k}, 

depend only on the points x^ for (3 G and £ G 7 n [A:,oo). The half-open cubes Q", 

with {k, a) G , depend on x[g for (3 G and £ G 7r\ [min{A:, Aiq}, oo), where ko g 7 is a 
preassigned number entering the construction. 
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Remark 2.4. (i) In what follows, let < be the partial order for dyadic points as in [21, 
Lemma 2.10]. It was shown in [21, Lemma 2.10] with Cq = 2 that, if /c G Z, a G ^^4 with 
as in (2.1), /3 G M:+i and {k + l,/3) < {k,a), then < 26^. 

(ii) For any (/c, a) G i?/, let 

(2.5) L(A:, a) := {/? G j4+i : {k + 1, l3) < {k,a)} . 

By the proof of [21, Theorem 2.2] and the geometrically doubling property, we have the 
following conclusions: 1 < #L{k,a) < No and Q’^ = U/ 3 GL(fc,a) where iVo € N is 

independent of k and a. Here and hereafter, for any finite set £, #(C denotes its cardinality. 

The following useful estimate about the 1-separated set is from [1, Lemma 6.4]. 

Lemma 2.5. Let E be a 1-separated set in a geometrically doubling metric space {N,d) 
with positive constant Nq. Then, for all e G (0, oo), there exists a positive constant C'(e^ ^Vo)? 
depending on e and Nq, such that 

aex 

here and hereafter, for any set E d X and x € X, d{x, S) := infaes d{x, a). 

We now recall more notions and notation from [1]. Let (n,^,Pij) be the natural 
probability measure space with the same notation as in [1], where ^ is defined as the 
smallest cr-algebra containing the set 

< Hfc : Hfc C fife := {0,1,..., L} X {1,..., M} and only finite many Ak VlA , 

Ugz J 

where L and M are defined as in [1]. For every {k,a) G £/ with £/ as in (2.4), the spline 
function is defined by setting 

s^(x) := Pij G n : X G Qa(w)|^ , x G T. 

The following conclusions of splines are taken from [1, Theorem 3.1]. 

Proposition 2.6. The spline functions have the following properties: 

(i) for all {k, a) G £/ and x G X, 

(2-6) XB{xk,yh)ix) < s’lix) < XBix^,8sA^)', 

(ii) for all /c G Z, a, /3 G £/k, with cls in (2.1), and x G X , 

(2.7) s^(x^) = Sag, ^ 

/3e.%+i 



12 


Products of Functions in BMO(A’) and 


where, for each k € h, 3^k+i C Mi+i denotes some countable index set 


f 1, if a = /3, 

\ 0, if a ^ (5, 


and is a finite nonzero set of nonnegative numbers with < 1 for all 


(iii) there exist positive constants r] G (0,1] and C, independent of k and a, such that, 
for all {k, a) € £/ and x, y € X, 


( 2 . 8 ) 


stix) - s’^iy) 


< C 


d{x,y) 


By [1, Theorem 5.1], we know that there exists a linear, bounded uniformly on A: G Z, 
and injective map '■ with closed range, defined by 


Uk\ := 


, A:=|a^| efi^k), 

L J aG^k 


here and hereafter, := p{B{x^,5^)) =: V{x^,5^) for all {k,a) G denotes the 

space of all sequences A := {Xa}a&^k ^ ^ such that 


1/2 


:= <1 E 


< oo. 


Observe that, if /c G Z, A, A G £^(^<4)) / = t^^A and / = U^X, then 






with Mfe being the infinite matrix which has entries Mk{a, j3) = ^ for a, /? G £/k- 

Let be the adjoint operator of Uk for all /c G Z. Thus, for each A: G Z, = U^Uk 
is bounded, invertible, positive and self-adjoint on £‘^{£/k)- Let 14 := Uk{£‘^{-s^k)) for all 
A: G Z. The following result from [1] (with replaced by := j^^^dp) shows that 
{Lfcjfcez is a multiresolution analysis (for short, MRA) of Lfi{X). 

Theorem 2.7. Suppose that {X,d,p) is a metrie measure spaee of homogeneous type. Let 
A: G Z and 14 be the elosed linear span o/. Then 14 C 14-i-i and 


U 14 = L^{X), f]Vk = {0}. 

fcez kez 


(2.9) 
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Moreover, the functions {s^/\/^}a<=si/k form a Riesz basis of V^: for all sequences of 
complex numbers 


E 


E 

to 

_1 


mx) 


J 


with equivalent positive constants independent of k and 

Now we are ready to introduce the following notable orthonormal basis of regular 
wavelets constructed by Auscher and Hytonen [1]. In what follows, for all /c € Z, let 


(2.10) ^fc:=i4+i' 

with as in (2.1). The following theorem is just [1, Theorem 7.1]. 

Theorem 2.8. Let {X, d, p) he a metric measure space of homogeneous type. Then there 
exists an orthonormal basis {V’^}fcGZ,/3e^fc of L‘^{X) and positive constants r] G (0,1] as in 
(2.8), v and C'(r)); independent of k, a and (3, such that 


( 2 . 11 ) 


( 2 . 12 ) 




< 


c, 


iv) 


X+i 


iA^(x)-V’^(y) 


< 


_g 


5^) 



C(i?) 


\d{x,y) 


V(xJ+\<5fc) L 

for all X, y £ X satisfying d{x,y) < 6^, and 




X e X, 


^-uS-f^dixl+fx) 


(2.13) 


^V'J(x) dp{ 


x) = 0. 


In order to introduce the lower bounds of wavelets, we need to recall a slight difference 
on the notation of the orthonormal basis {V’^jfcgz,from [10] that 


{< 4 , 


{k,a)ej^,0£L{k,a) t ^) kGZ,/3&^k 

where, 

(2.14) £/ := {ik,a) G : ffL{k,a) > 1} 

with and L{k,a), respectively, as in (2.4) and (2.5), and, for all {k,a) G , 

(2.15) L{k,a) := L{k,a)\{a}, 
via the fact that, for any k £ Z, 

’^k+i\’^k L{k,cy). 

{o€.e4: #L{k,a)>l} 

Now we introduce the lower bounds of ^ from [10] which is important to the suc¬ 
ceeding context. 
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Theorem 2.9. Let he a metric measure space of homogeneous type. Then there 

exist positive constants cq and C, independent of k, a and fd, such that, for all {k, a) G £/ 
with si as in (2.14), (d G L{k,a) with L{k,a) as in (2.15), and x G B{y^,eoS^) C Q^, 


V’, 


a, l3\ 


> c- 




We also recall the molecular characterization of from [19], which plays important 

roles in the succeeding content, since it partially compensates the defect of the regular 
wavelets without bounded supports. 

The following notions of (1, g, r 7 )-molecules are from [19]. 


Definition 2.10. Let q G (l,oo] and {%}fcGN C [0, oo) satisfy 


(2.16) 


kr]k < oo. 

fceN 


A function m G L^{X) is called a {l,q,ig)-molecule centered at a ball B := B{xo,r), for 
some xq G X and r G (0, oo), if 
(Ml) < [m(-B)]^/''"^; 

(M2) for all A: G N, 


^XB{xo^2^r)\B{xo^2^ ^r) 




(M3) m{x) dy{x) = 0. 

Then the following molecular characterization of the space Hf^{X) is a slight variant 
of [19, Theorem 2.2] which is originally related to the quasi-metric p as in (1.3) and is 
obviously true with p replaced by d. 


Theorem 2.11. Suppose that {X,d,p) is a metric measure space of homogeneous type. 
Let q G (l,oo] and r] = {rik}ke¥i C [0,oo) satisfy (2.16). Then there exists a positive 
constant C such that, for any {l,q,p)-molecule m, m G Hl^{X) and 


< C. 

Moreover, f G Hl^{X) if and only if there exist {l,q,p)-molecules {mjlj-gis} and numbers 
{AjIjgN C C such that 

f = 

jen 

which converges in L^{X). Furthermore, 




~ inf 



where the infimum is taken over all the decompositions of f as above and the equivalent 
positive constants are independent of f. 
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Now we introduce the notion of Calderon-Zygmund operators from [6]; see also [1]. 

Definition 2.12. A function K G x A’}\{(x,x) : x G X}) is called a Calderon- 

Zygmund kernel if there exists a positive constant depending on K, such that 

(i) for all X, y G X with x ^ y, 

(2.17) 

(ii) there exist positive constants s G (0,1] and C(^x) € (0) 1); depending on K, such that 
(ii)^ for all x, x, y G X with d{x,y) > C(^i^)d{x,x) > 0, 

(2.18) \K{x,y) - K{x,y)\ <C(^K) 

[d(x,y)J V[x,y) 

(ii )2 for all x, x, y G X with d{x,y) > C(^x)d{y,y) > 0, 

(2.19) 

Let T : C^(X) —)■ {C^{X))* be a linear continuous operator. The operator T is called 
a Calderon-Zygmund operator with kernel K satisfying (2.17), (2.18) and (2.19) if, for all 
/ G CliX), 

(2.20) Tf{x):= [ K{x,y)f{y)dia{y), x0supp(/). 

Jx 

Then we recall some results from [41, Proposition 3.1] (see also [19, Theorem 4.2]) about 
the boundedness of Calderon-Zygmund operators. In what follows T*1 = 0 means that, 
for all (l,2)-atom a, f^Ta(x) dfi{x) = 0. By some careful examinations, we see that this 
result remains valid over the metric measure space of homogeneous type without resorting 
to the reverse doubling condition, the details being omitted. 

Theorem 2.13. Let {X,d,fi) be a metric measure space of homogeneous type. Suppose 
that T is a Calderon-Zygmund operator as in (2.20) which is bounded on L‘^{X). 

(i) Then there exists a positive constant C, depending only on \\T\\c(l'^[x))! ■s? ^(k); C(^k) 
and C(^x), such that, for all f G Hl^{X), Tf G L^{X) and \\Tf\\L^x) < C'll/lliTi,(A’)• 

(ii) If further assuming that T*1 = 0, then there exists a positive constant C, depending 
only on \\T\\c(l2(^x)), s, C(k), C{k) and C,^x), such that, for all f G Hl^{X), Tf G 
Hl,iX) and ||T/||^i^(;,)<Cl|/l|^i^(;,). 
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Now we recall several equivalent characterizations for via wavelets from [10]. 

To this end, we need more notation. We point out that, for any {k, a, /3) G J^, where 


(2.21) := |(/c, a,/?) : (fc, a) G j?/,/? G L(/c, a)| 

with £/ and L{k, a) respectively as in (2.14) and (2.15), we have ^ G L°°{X) and hence 
{f^Tp^ /?) defined for any / G L^{X) in the sense of duality between L^{X) and 

L°°{X). 


Theorem 2.14. Let {X,d,iJ,) be a metric measure space of homogeneous type. Suppose 
that f G L^{X) and 

f= “ L\X). 

(k, a, 

Then the following statements are mutually equivalent: 

(i) / G Hl,{X); 

(ii) J2{k,a,/3)G.jr{f^'P^a,g)'^a,i3 Converges Unconditionally in {X); 

(iii) ll/ll(iii) := \\{E{k,a,g)ex Kf^^a,< oo] 

(iv) ||/||(iv) := < oo; 

(v) ||/||(v) := < oo, 

here and hereafter, 


( 2 . 22 ) 


T)k 






and Wjp p := B{y^,eod^) C as in Theorem 2.9. 

Moreover, || • jj • ||(iv) and || • ||(v) give norms on Hl^{X), which are equivalent to 
II ■ respectively. 

The following lemma is taken from [10, Lemma 3.18]. 


Lemma 2.15. Let {X,d,p) be a metric measure space of homogeneous type. For any 
family of numbers, {a{j,a, /3)}(^j^a,g)ej^ C C with ^ as in (2.21), let S be any finite 
subset of JL and 


Ts{x) 


ij,a,g)&S 



X G T, 


where ^ is as in (2.22). Suppose that (ps G L^{X). Then the function 


Y /9 ^ ^a\(^) 

(i, o,/3)G<S 
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and there exists a positive constant C, independent of S, such that 

3 Estimates for Products of Two Functions 

In this section, we obtain L?‘{X) estimates for the product of two functions in L‘^{X). 
If two functions in Lf{X) both have finite wavelet decompositions, we have the following 
conclusion. 

Lemma 3.1. Suppose that {X,d,iJ,) is a metric measure space of homogeneous type. Let 
f,g& L‘^{X), {14}fcgz be an MRA of L‘^{X) as in Theorem 2.1, Wk be the orthogonal 
[in L‘^{X)] complement of 14 in Vk+i and and Qk be the projection operators from 
L?‘{X) onto, respectively, 14 and II4- Suppose that f and g both have finite wavelet 
decompositions, namely, there exist Mi , M 2 G N such that 

Ml M 2 

( 3 . 1 ) f = Y 9= Y 

k=-Mi k=-M2 

where for k is as in (2.10). Then 

(3.2) fg = Y^^kf){Qkg) + X](Qfc/)(^fc5') + 

kez k£Z k£Z 

=:Ui{f,g) + U2{f,g)+Usif,g) 

in L‘^{X). 

Proof. We first claim that, for any i 

00 

(3.3) / = ^Qfc/ = p,/ + ^gfc/ 

/c€Z k=i 

holds true in Lp‘{X). Indeed, let / G L?‘{X). By (2.9), we see that, for any given e G (0, 00 ), 
there exist ko € Z and /o G 14^ such that ||/ — foWi^^x) < Moreover, by the fact that 
Pfcp is the projection operator from L‘^{X) onto 14 p, we know that 

11/ “ 9r’kof\\L^{X) — 11/ “ f^\\p{x) ^ 

which, combined with the fact that, for all k > ko, Pk^f G 14^ C 14, implies that 

\\f-Pkf\\L^iX)<\\f-PkJ\\LfiX)<^- 

Thus, 

(3.4) / = lim Pkf in L‘^{X). 

/c—>-oo 
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On the other hand, we show that 
(3.5) hmP_fc/ = 0 in L^{X). 

k^oo 

For any k (z 1^, from Pj^f = Pk-if + Qk-if and Pk-if-LQk-if, h follows that 

~ \\Pk-lf\\L^(^x) + WQk-lfWl^^x) — \\Pk-lf\\L^(^x) ■ 

Therefore, {\\P-kf\\L^{x)}k&n is decreasing and bounded below. Thus, 

lim \\P-kf\\L^(x) 
fc—>-00 ' ' 

exists. Meanwhile, by the Banach-Alaoglu theorem (see, for example, [39, Theorem 
IV. 21]), we conclude that the unit ball in L‘^{X) is compact, and hence there exists 
/i G L‘^{X) and a subsequence {P-n^f}k&N of {P-kf}ken such that 

lim P-rikf = fi in 
k^oo 

and ||/i||L2(;t’) = linifc^oo ||.P-nfc/||L 2 (;i^). Moreover, since, for any m G N and k > m, 
P-kf G V-m and V-m is closed, we have fi G V-m- This, together with (2.9), implies that 
fi e flrnez = {0}> and hence 

limP_„J = 0 in L\X). 

k^oo 

From this and the fact that lim^^oo exists, we deduce that 

lim P-kf = 0 in L^{X), 

k—yoo 


which shows (3.5). 

Furthermore, from (3.4), Pk+i = Pk + Qk and (3.5), we deduce that 


/ = lim Pj^f = lim 
fc —>-00 m —>-00 


Lk=—m 


= lim 

m^oo 


= lim 

m^oo 


Qkf + P-mf 

k=—m 

m 


Y, {Pk+if - Pkf)+p-^f 

yy Qkf + P-mf + Qkf 

Pef + YQ^f 


= lim 

m—>oo 


.k=—m 


k=£ 


k=e 


k=e 


holds true in L^(T’), which completes the proof of the above claim (3.3). 

By the finite wavelet decomposition of /, we have Qkf = 0 for all k 0 {—Mi,..., Mi}, 
which, together with + Qk-i and (3.5), implies that 


Ml Ml 

f = Y E Qkf = PM,+if - p-mj 

k=-Mi fie^k k=-Mi 


(3.6) 
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= Pmi+i/ - lim P_kf = PM,+if in L\X). 

k^oo 

Similarly, g = Pm 2 +i 9 in L‘^{X). Let Mq ;= max{Mi + 1,M2 + 1}. Then, by the finite 
wavelet decompositions of / and g again, we see that, for all /c G N, PMo+kf = PmqI 
and PMo+kg = PmoS and, for all k € N\{1,..., Mq - 1}, P-kf = 0 = P-kQ- These facts, 
combined with (3.4), (3.5) and Pk+i = Pk + Qk for all /c G Z, imply that 


(3.7) 


fg 


lim Pm f Png = lim [Pm f Pug - P-MfP-ug] 

M—>-oo M—>-oo 

M-1 

(Pk+ifPk+ig - PkfPkg) 

k=-M 

Y, {Pk+ifPk+ig - PkfPkg) 

kei 

Y iW + Qkf) {Pkg + Qkg) - PkfPkg] 

kez 


= ^(-PA:/)(Qfc5') + ^(Qfc/)(7^fc5') + YAQkf)iQkg), 

kez kei kei 

which completes the proof of Lemma 3.1. 


□ 


Remark 3.2. (i) We point out that / and g as in (3.1) have hnite wavelet decompositions 
only in some sense, since '^k for any k £ Z may have an infinite cardinality. 

(ii) The finite wavelet decompositions of / and g play a key role in the proofs of (3.6) 
and (3.7) appeared in the proof of Lemma 3.1. 

The proof of the boundedness of Lis from L‘^{X) x L?‘{X) into L^{X) is parallel to that 
of [4, Lemma 4.1], the details being omitted. 

Lemma 3.3. Let (X, d, g) he a metrie measure space of homogeneous type. Then the 
bilinear operator IIs in (3.2) is bounded from L?‘{X) x L‘^{X) into L^{X). 

Before we deal with IIi in (3.2), we need to establish some important estimates of some 
integral operators defined as follows. Let 


(3.8) ^:={{k,/3): k£Z, /dG'i^k}, 
where '^k is as in (2.10). Choosing a fixed collection 

(3.9) {'^AT ; G N, C ^ and is finite} 

satishes t namely, for any iV G N, C ^at+i and ^ = UtvgN^^- F^d k £ Z 
and G N, for any j £ Z, {j, jd) £^ and 


(3.10) 
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where is as in (2.2) with k replaced by j, and := for /3 € By the geometri¬ 
cally doubling condition and Remark 2.2(ii), we see that, for all j, k (z and /3 € 

(3.11) Mj;^ := < Aro2('^+i)^° =: 

where Gq and A^o are the same as in Remark 2.2(ii). 

Now we relabel the set -2^^^ as =■ ^ ItMj;, < nik, then we further 

enlarge to {a* with sG := 0 for any i G Nfl (Mj^^jm^]. If ^ = m-k, the 

set remains unchanged. Let a := a* ^ G 

(3.12) := and U^^iQ := ^ for all y G L^(R’), 

(L/Sle-^iv 


where is as in Theorem 2.8 with k and a replaced, respectively, by j and 13. We also 
dehne 

(3.13) := 

with as in (2.2). Then it is obvious that U^-g G L‘^{X) for all g G L^(T’), noticing 
^ 7 V is finite. Moreover, we have the following result. 


Proposition 3.4. Suppose that {X, d, g) is a metric measure spaee of homogeneous type. 
Let he defined as in (3.12) for iV G N, A: G Z and i G {1,..., mfc} with mu as in 
(3.11). Then there exists a positive eonstant C, independent of N, k and i, such that, for 
all g, h ^ L‘^{X), 


(3.14) 


|«,y,h)|<C 


E 

(5,V’y) 

2 

_(/, /3)g^jv 




II^IIlRA’) < C\\g\\L2{^x)\\h\\L'^(x)- 


Proof. Let A G Z, i G {1,... ,mk}, with nik as in (3.11), and U^- be as in (3.12). By the 
Holder inequality and Theorem 2.8, we see that, for all y, h G Lf^X), 


I {Uj^gg, h)\< I I I 

(i, /3 )G^jv 


< 


E 

(i,/ 3 )G^jv 


< \\ 9 \\l‘^{X) 




EE 


1/2 


E 

.Oi/Sle-Tiv 
1/2 


k, i 


,h 


1/2 


k, i 1 


Thus, to show (3.14), it suffices to prove that 


(3.15) 


I := 


EE|(^?:i‘) 


1/2 


2 


< 

rs_/ 


WhWi^ix)- 



Xing Fu, Dachun Yang and Yiyu Liang 


21 


To this end, since h G and orthonormal basis of L?‘{X) (see 

Theorem 2.8), we write 


■s^EE 


I] 


7c, i 


sGZ 7€^s 




1/2 


2x 1/2 






+ ^EE 
+ (EE 
+ (EE 

iGZ/3e^j 


E |(V’7’4’ 

{7e?fj: 77^/3} 


k, i 
0 


E E 

s=-oo 

^2^1/2 
oo 

E E- 

s=j + l 'y&gs 


7 2x 1/2 


2x 1/2 


I jk,i 

7’^i,/3 


= :El^ 

1=1 


To deal with Ii, we first estimate for any (j,/3) G '^, with ^ as in (3.8) and 

a £ £/j with £/j as in (2.1). 

Observe that, by (1.1), we see that, for any tq, I'o G (0, oo) and xq G T, 


(3.16) 


^-uod(x,xo)/ro 


lx 


dfi{x) 


< 

rs_/ 


^-iyod{x,xo)/ro 


lB{xo,ro) 


J B(xq, (^+l)ro)\-B(xo,€ro) 


< 

r\j 


dn{x) +'^ [ 

1=1 

V (xo, ro) + ^ e~‘'°^V (xq, [£ + l]ro) 

£=1 

oo 

< F(xo,ro) + ^e“"'°^(^ + 1)^V (xo,ro) < l/(xo,ro). 

£=i 

From (3.12), (2.6), (2.11), d{xit,yj^) > 2^5/+^ and (3.16), we deduce that 




< 


V’^(x)V’J^(x) dy{x) 


< 


< 




JB{x^oct 85 -? ) 

^-2v&-i d(y^g,x) 


ipj^ix) dy{x) 




< 1/52* 2 -1/5 ^ d { y ^ g , xi )_ 




’ dy{x) 

- u 5 -^ d { yl , x ) 



22 


Products of Functions in BMO(A’) and 


< 


. 1^(52'= 




By this and Theorem 2.8, we obtain 


Ii < 



\\h\\L^{X)- 


Now we turn to estimate I 2 . Let Go be the same as in Remark 2.2(ii). Observe that, by 
(2.10) and (2.3), we know that, for given j G Z and /3 G 7 G and 7 7 ^ /3 if and only 
if 7 G and ^( 2 / 7 , 2 /^) = (i(x:^^^, x^"''^) > 5^^^. By this fact and the Minkowski inequality, 
we have 



r 

- 


- 2x 

(3.17) I 2 = < 

EE 

E l(^>V’^)l 


> 


1 /€Z/3e5^j 

_{7e«,: rf(2/Ly"^)><5^+H 


J ^ 



r 

- 


- 2x 

00 

EE 



> 

s=0 

yj&i3£% 

{76^3: 2'’53+i<d(j,3^y3)^2'>+i53+i} 




Moreover, from Remark 2.2(ii), we deduce that 


(3.18) # {/? G < d ( 2 /^, 2 /^) < 2^+i<5^'+i} < 

which, together with (3.17) and the Holder inequality, further implies that 


us £2 


s=0 


E2 

s=0 


LMIGo 


L±Lgo 


EE 


E 


1 7 ,7) I' 


{76^j: 2'>5J + l<d(y£j/^)<2'>+15J + l} 

i&L'y&Sj {/3g7j: 2'>(5J + l<d(j/£i;p<2'*+l<5J + l} 




7’^7/3 


1/2 


1/2 


We then estimate KV’t;V’ j’,g)l for any (j, 7 ) G ^ with ^ as in (3.8), s G Z+ and /3 

satisfying 2^(5-^+^ < < 7 ( 2 / 7 , Up) < From (2.6), (2.11), a G < d{yif, yj^), 

the Holder inequality and (3.16), it follows that 


/ k, i 


< 


IX 


V’^(x)V’J^(x) dn{x) < " 


L 


B{xa, 853) 


V’;^(x)V’; 3 (x) dy{x) 


< „f52'=-2 




s(x/„850 Jv{yl,,5r) JV{yl,5^) 


dii{x) 
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< gi/(52'=-2g-f(5 

r p-^d-U{yi^,x) -^&~^d{u'p,x) 


B{x^o, , 8 ( 5 -?) ^ Iy( iii^ , 5 ^) 


d sf) 


d^{x) 


u52‘‘-^ 

^-^6-Jdiy^xr) 


^-¥-^d{yl,-) 


\Jviyif,S^) 

L^X) 

^jy{y^d¥^) 




L^X) 


Thus, by this, (3.18) and Theorem 2.8, we obtain 


1/2 


l2 < <1 ^ MlHx)- 

jez 'r€'»j 


s=0 


Now we turn to consider I3. We first estimate for any (j, 7 ), (s, 7 ) G ^ with 

d-iVy, y^ij) > and s G Z n (— 00 , j — 1]. From six G Vj, V’^ G Wj and Vj±Wj with Vj 
and Wj for all j G Z as in Lemma 3.1, it follows that 


y_^ " y_^ dld{x) = 0, 

which, combined with (2.6), (2.11), a G d{y^, the Holder inequality and 

(3.16), further implies that 


.,1^52'=- 


k, i 


'7’V^i,/3 


lx 


v^^(x) - ( 2/^ j I t^;^(x) dy{x) 


< „i'52'=-2 




< 




J B{xa^ S6d) 

,u52>^-\-^S-ld(ylxi) 


V’^(x) - 
V’^(x) - 

-jS-id(y^p,-) 


^ I aP \ \ l'0^(x)| dy{x) 

^-iyS-^d{yi,x) 




■\6d) 


■ dii{x) 




L^X) 


1/2 






S / 


where 




E := 

Now we estimate E by writing 
E = 


lA^(x) - 


'B{y^p,5i) 


V’^(x) - 


<Efo2, 

' e-¥-^M’X) 

.-¥-^M’X) dy{x) 



24 


Products of Functions in BMO(A’) and 


For El, by 6^ < 6^, (2.12) and (3.16), we know that 


—; El + E 2 + E 3 . 


f , 


< e~''^ ‘’d'iy‘’yp)0j-s)v 


V{y^^,5 


^-i/S ‘’d{y^,x 


T’ ^ auixj 


'^,0 ) JB{y^„,&j) 


< g-F5 ‘‘d{yi^,y^p)^2{j-s)y ^ 


For E 2 , by (2.12) and (3.16), we have 


j-s-i 


E2< E 


^ JB{y^^,5‘>+^)\B{y^p,5‘>+^+^) V{y^^,S^) 

< - / 

^ ^( 1 / 4 , <J") JB{y^p,S-+^)Wp,S-+^+^) 


—2uS “diyt^x) [fj(q- 


^-u5 ‘d{y^^,x)^-^5 ^diy^p,x)^^^^^ 


j—s—1 

^-v5-d(y-y) ^ ^2t,?g-f5'>+*+i-^' 


,-u5 ‘‘d{y‘ x) 


'BiiA, 5'>+*)\B(y^, 5'>+*+i) y {y^, ) 


j-s-1 


g-i^<5 ‘d{y;^,y^p) ^ ^2ty^ 


_ i^rs+t+l-j 
2 


To show E 3 , by (2.11) and (3.16), we conclude that 


oo « 

t=0 
oo « 


t=odB{u’p,2^+H-)\Biyl,2^S‘^) 


^QJB(y^p,2^+^Ss}\Biy^p,2t5‘} 


:(x)|^ + V’4 ( 2 /d ^ 2 ^'’'^^^^’'^^d/i(x) 


L J F(y^,d^) 




-u2^-^S‘-^ 


y{y^^ <^^) [ 7B(yi,2‘+i(5'>)\B(j/i,2*(5'>) 


g-^5 ‘d(yi,,x)^ r. 


-^5-‘d(y^p,yi^) 


g-f5 ‘d(y^^,x)^ 


! B{yy<^+H‘>)\B{yip,2H‘) 


~ / V ~ 


Combining the estimates for Ei, E 2 and E 3 , we have 


(3.19) 




EV2 < ) 


_y.§s+t+i-j 
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where Sj^g := {^j~q 

Moreover, Observe that, by (2.10), (2.3), 0 = 0 and J^/g+i C for s, j £ 2, 
with s < j, we know that, for given j £Z, P £ and s G Zfl (—oo,j), 7 G if and only 
if 7 G and d{y^,yj^) = (i(x^+^, x^"*"^) > 5-^+^. From this, together with (3.19) and the 
Holder inequality, we deduce that 

^ 2 ^ 1/2 

i-i 


h = < 


< 

rs_/ 


EE 

jez /3£^j 


EE 

j£Z/3£^j 


Yl Y 

5=-oo|^gcf^. )>5 j+1} 


I / AC, 2 




H 2 


1/2 


< 

rv_/ 


EE 

jez/3e^j 


■ ■ 

'{76%: + H 

Observe that, by the elementary inequality 

1 P 


(3.20) 

00 

Ei«ii 

00 

sEKI” 


_i =0 

j=0 

we have 

J -1 

1-1 i-s 

(3.21) 

E 

< E E'*'” 


00 I 


S= —C50 t=0 

00 00 

E'*'’'E 

t =0 i=t 


i=l t=0 
00 00 


_ i^Xt + l — i 

e 4 " 


t=0 i=0 


and, similarly 
(3.22) 


00 J—S 00 2 


< 1 . 


E Y.< E E'*'”® •' 

j=s-\-l j=s-\-l t=0 2=1 t=0 

Thus, from Lemma 2.5 and (3.21), we deduce that 

g ^ < g < g 5 ,^ < 1 , 

d{y^,yj^)>Si+^} *=-°° ^=-°° 
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where for s G Z is as in (3.13), which, together with Lemma 2.5 again and (3.22), 
further implies that 

i.’S'iEEE E 




~ < 


j&s=-oo 7 e% {l3e%-. d{y‘,y^p)>5J+^} 

1/2 


-|5 


1/2 


i-1 


^{YY s,,sY\ih’^^.)\ 

jeZs=-oo 7g% 




i-1 


1/2 


1/2 


j£Zs=-oo 7 e% 

1/2 


E E E i(^’'/'7)r 


sgz \i=s+i 


7 G^s 


< 

rs_/ 


E E 

sGZ 7€% 


II^IIl 2(A')- 


Finally, we deal with I4. We first estimate |(iA^,for any (j,7), (s,7) G ^ with 
d{y^, y^) > ( 5 ^+^ and s G Z D [j + 1, 00). From 1/;^ G Wg, siy ^ Vj C 14 and 114E14 with 
14 and 114 for any /c G Z as in Lemma 3.1, it follows that 

[ '4^^{x)si{x)dn{x) =0, 

J X 

which, together with (2.6), (2.11), the Holder inequality and (3.16), further implies that 


7’^i,/3 


< 


,i/52'=-2 


„uS2’‘-^ 


[ 'iP^x)sUx) lA^(x) - (y^) dy(a 

J Af 

|V’7(a;)| i^f^ix) - (y^) dy{x 


lB{xi,85^) 




< 


B{Xa, 8(51) 


V’^(x) - (y^) 


,-i/5 ‘‘d{y‘ x) 




■ dfi{x) 




L2(Af) 


1/2 


lB{xi„8Si) 


4^(x) - (y^) e ‘’'^(2'^’*) (/^(x) I < F^/2^ 
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where 




-B (a;„, 8(5^) 


F := e 

Now we estimate F by writing 


Mx) - V’i (y^) e d^i{x). 


F = 






+ 


... + 


• • • =: Fi + F 2 + F 3 . 




JB{y^,Sj)\B{y=,5‘>) 

For Fi, by (2.6), < 6^, (2.12), a G and (3.16), we know that 

I 2 i? 


Fi <e 


u52'^-^ 



'd{x,y^y 

'Biy=^,S‘>)nBixi,8S3) V{yj^,5^) 



e d/i(x) 


Je 


,-i/<5 ‘’d{y^,x) 
^-v5-3 d(y^p,x) 


Biy‘,S‘) F(y^,5^') 


■ d^{x) 


For F 2 , by (2.6), 5^ < , (2.12), a G £/j^ and (3.16), we have 


.A_n u 


^-2iy<5 3d{y^p,x) 


J[B(y-,5i+t)\B(y-,Si+W)]nB(xi,S53) V{]/p,S^) 

^ ^ 1 /* 


(i(x,y* 


2 r? 




X > 0“"''e 

t=0 JBiy-,53+^^)\Biy-^,53+W) 

s-j-l 






-u53+*+^-‘ 


t=0 


To estimate F 3 , by (2.11) and (3.16), we conclude that 


Fs < e' 


i/(52''-i 


f \ 

V’^(x) 

to 

+ 


2" 

J[Biy=,2t+^S3)\B{y=,2t5i)]nB{xi„8S3) 


1 1 


- 


xe-^^ ^rf(j/T^)d^(x) 


GXJ p 

< j 


^-2u& 3d{y3^,x) ^-2u5 


t=0 J[BiyS,,2^^+^S3)\B(y-,2^^S3)]nBixi,853) 


^-v5 ‘‘d{y^,x) 

V{y%5r) 


■ dii{x) 


X 
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^ |g-i/2*-l5J-'>g-f<5 ^d{y=,yy) 


B{y‘ 2t+Ui)\B{y‘ 2tSJ) 


JB{yi^,2t+^&j)\B{yf^,2Hj) 
oo 




t=o 

oo 


g-f<5 Jd(j/^,y^)^2-2(i-2)»)j2(s-i)i7 < g-f<5 ,i/^)^2(s-i)i)_ 


t =0 


Combining the estimates for Fi, F 2 and F 3 , we have 


(3.23) 


I t=o 


1/2 




where Tj^g ■= '’}^/ 2 . 

Moreover, Observe that, by (2.10), (2.3), '^j D = 0 and C for s, j £ Z, with 
j < s, we know that, for given j G Z, /3 G and s G Z D (j, 00 ), 7 G if and only if 
7 G and d{y^,y'i^) = which, combined with (3.23) and the Holder 

inequality, further implies that 


I 4 = 


< 


< 

rv_/ 


EE 

iGZ/3G5#j 


EE 

iGZ/3G7j 

EE 

JGZ /3g^j 


n2x 1/2 


E E l(^>V’;)| 

«=/ + l{7g5^„: d(y7y^)>5'’+l} 


k, i 


’'r'^j,l3 




J.s 


n 2 | 1/2 


1/2 


J.s 


E E 

«-/+1{7G73: d(j/4,yp>(5^+l} 


‘‘d{y‘^,y^p)rp^ ^ 


X 
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Observe that, by (3.20), we have 

OO OO S—j 


(3,24) 


E F,. < E E*'”® " 

s=j-\-l s=j-\-l t=0 


OO 2 


EE«‘”' 

2 = 1 t=0 


OO OO OO OO 


E''''’’E' 

t=0 i=t 


E«‘’E' 

t=o j=0 


and, similarly. 


s-l 


(3.25) 


5 — 1 S—j OO 2 

j=—oo t=0 


< 1 . 


J = — 00 J = — 00 t=U 2=1 t=0 

Thus, from Lemma 2.5 and (3.24), we deduce that 


OO OO 

< x: < y: f.<i. 

s=j+i s=i+i 

which, combined with Lemma 2.5 again and (3.25), further implies that 


u < < 


EE E E I d(yi,,yp)rp, ^ 


~ < 


s J + 1 ^ + l } 

OO 

E E Y.ElF'i*?)f E 

j&s=j+l {P&gj. d{y=,y>p)>&‘>+^} 

1/2 




1/2 


1/2 


^j&s=j-\-l 7G^s 

OO 

slE E 

jGZs=/+1 'y&Ss 

I 

2 




1/2 


s -1 


1/2 


E E Yd Elfrd 

•sGZ \j=—co J 76 % 


E E 

sGZ 7G% 


II^IIl2 (Y)- 


This, combined with the estimates for Ii, I 2 and I 3 , finishes the proof of (3.15) and hence 
Proposition 3.5. □ 
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We also need to establish some estimates of integral kernels defined as follows. Let 
A: G Z and i G {1,, nik} with as in (3.11). For (x, y) G {X x Al)\{(x, x) : x G X}, 

let 

(3-26) Kk,i{x,y) 

je.'LiSe'^j 

where for any j G Z is as in (2.10), and, for each G N and x, y G X, 

(3-27) K^^^{x,y):= ^ ^j^yixWyiy), 

(i,/3)G^iv 

where for any G N is as in (3.9). 

Proposition 3.5. Suppose that {X^ d, fi) is a metric measure space of homogeneous type, 
Af G N, A: G Z and i G {1,... ,mk} with as in (3.11). Let K^^i, K^- be defined as in 
(3.26) and (3.27). Then 

Kk,^, G Li^aX X A'}\{(x,x) : x G d:’}) 

and satisfy (2.17), (2.18) and (2.19) with s := 77/2 and rj as in (2.8). 

Proof. Let A^gN, A:GZ, zG{ 1,..., m^}, and the kernels and K^- be dehned as in 
(3.26) and (3.27), respectively. We only prove the results for since the proof of ^ 
is similar. Obviously, if satishes (2.17), then G L\^^{{X x d:l}\{(x,x) : x G X}). 
Thus, it suffices to show that satishes (2.17), (2.18) and (2.19). 

Now we prove that satishes (2.17). By (2.6), (2.11) and a G with as in 
(3.10), we see that, for all x, y G X with x / y. 
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j& 


5^ + d{y, y^) 


5d 


1 


V{y,5d) 

1 


-!^S-idix,y) 


-e 2 


V (y, 6d) 

j&z ^ I3e% 


j&Z 


Viy,6i) 


V(y. 

{jeZ: SJ>d{x,y)} {j&- S^<d{x,y)} 


where, for any j £ h, is as in (3.13). 

To estimate Hi, from [1, Lemma 8.3] (with a := 1, := 1 and 7 replaced by i^/ 8 ) and 

( 1 . 6 ), it follows that 


H.s E 


^ f.-jS-^d{y,<S^^) < 1 


V{y,6^) 


{jeZ: 5i>d{x,y)} 

Now we deal with H 2 . By (1.1) and (1.6), we obtain 


H2< E 

{j&Z: 5i<d{x,y)} 

1 


1 


V{y,x) 


d{x,y) 

5i 


V{y,x) V{x,y)' 


^d{x,y) 


E 


5^ ^ 1 


-H(x,y) dix,y) - V{x,y)- 

{jeZ: S3<d{x,y)} 


Combining the estimates of Hi and H 2 , we further know that H < Hi + H 2 < vXxy)^ 
which, together with (3.28), implies that satisfies (2.17). 

Then we prove that satisfies (2.19). For all x, y,y £ X with 0 < d{y, y) < ^d{x, y), 
by (2.6), (2.11) and a £ ^ with as in (3.10), together with := for all 13 £ 

we have 


(3.30) 


\Kk^i{x,y) - Kk,i{x,\ 


< gi252''-2 


E E ^B{xi,85i)^^'^^ 

jez/3e^i 


-|5 ^d{y^p,x) 


<gi.52'= 2 ^ 2'52'=^^ 




~ E E 

j&ZId&gj 


[F(y^„,5i)]V4 


V’y(2/) - V’y 

=: J. 


[F(y^,5^')]V4 


To estimate J, we consider the following two cases. 

Case (i) d{y,y) > 5K In this case, from (2.11), d{x,y) > d{x,y) — d{y,y) > ^d{x,y), 
d{y,y) > SY (1-1) and some computations similar to those used in the estimates of H, 
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together with := for all /? G we deduce that 


< y^ y^ ^ ^ C-^S-^d(x,y) , Y" g ^ ^-!^5-^d{x,y) 




iezye^j 


si 1 ^ ^d.iy^v’p) 

^ _ y^ ^ ^ g-fc5-^dKy) 

T lA Z—/ Tr/„J X'i\ 


^f^^[d{x,y)\ V{y^p,6^) 

\ si I’' p-5'5"-’'^(S'.2/fl) 

+ y^ ^_ y^ ^ ^ 

^LrfU.iOj ufejAU 


diy,y) 


EE 


=-§<5 ^d{y,yp) 




g-f<5 ^'rf(a;,i/) 


g-|5-^d(x,s;) 


'd{y,y)' 

^ 1 

1 

'diy,y)' 

" 1 < 

'd{y,yy 

^ 1 

_d{x,y) 

yix,y) 

d{x,y) 

y{x,^ - 

d{x,y) 

y{x,y) 


This completes the proof of Case (i). 

Case (ii) d{y,y) < 6K In this case, by (2.11), (2.12), (3.29) and Lemma 2.5, we further 
write 


J^EE 

i&Z/3G^j 

:;EE 

SEE 

je.zy&'gj 
i& L 

~ ^ 
i& L 


J UIsj.Ji) 


(5J J 

d(y,^r 


-f<5 ^d{x,y) 


5^ + d{y,y^l^) Q-i^~^d{y,y^i^) 

Si y{y,si) 


d{y,y) y -5-3 djx.y) 1 -iS-^d(y,y^p) 

Chilli9) ^_L_e-l‘i"'Al/.i»") 


~ E 

{jeZ: 5J>(i(x,y)} 

= : Ji + J 2 , 


y{y,Si) 

d{y,^ Y 5-3 _1 


y{y,Si) 


g-|5->d(i/,^L + 

L'eZ: (5J<d(a;, 1 /)} 
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where for any j G Z is as in (3.13). 

Similar to the estimates for Hi, we conclude that 


Ji< 


'd{y,y)' 

V „-^S-Jd(x,y) 1 ! 25 -jd(y,&^ 0 ) ^ 

'd{y,yy 

^ 1 

_d{x,y)_ 

^ v{y,6^) 

{j&Z: SJ>d{x,y)} ^ 

d{x,y)_ 

V{x,y) 


Now we turn to estimate J 2 . By (1.1) and (1.6), we see that 



g-fi5 ^d{x,y) 


< 

V (y, x) ^ 

’ {j&Z: S:><dix,y)} 


d{y,y)' 

V 

'd{x,yy 

n 

5 ^ 





_d{x,y)_ 


n+fj+l 


< 

rs_/ 


1 

'diy,y)' 

^ y- (5a ^ 1 

'diy,y)' 

V{y,x) 

_d{x,y)_ 


_d{x,y)_ 


Combining the estimates of Ji and J 2 , we further know that 


J< Jl+J2< 


1 


d{y,y) 

V{x,y) [d{x,y) 


which completes the proof Case (ii). This, together with (3.30) and Case (i), further 
implies that K satisfies (2.19). 

Finally, we show that K satisfies (2.18). For all x, x, y ^ X with 0 < d{x, x) < |d(x, y), 
by (2.6), (2.11) and a G y-, we find that 

\Kk,i{^,y) - Kk,i{x,y)\ 

< Y - Sa (®) (^) 


< e 




EE 


1/2 


siixWnix) + sl{x)^{x) 


1 / 2 ' 


11/2 


< 


4 {xWp (x) - si (x) (x) I I (y) 

-^S-^d(y^p,x) d(y^p,x) 


EE 


e ^ (~\ ® 

+ ^B(xl,&So) [y(y/, 5i)]l/4 


11/2 


X I (x)(x) - (x) V’y (a;) I I V’y (y) I 

1/2 |i/'^(y)l 


^EEI si{x)'ip^p{x) - si (x) (x 
j&zy&gj 

^YY (*) 

j&zy&gj 


[H(y^,<5a)]V4 

1/2 IV’y(y)l 

[H(y^„5a)]i/4 
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+ ^ J]] |4(®)V’^(x) 


1/2 |V’^(y)| 


[y(y^,5/)]i/4 


=: A + B. 


By some arguments similar to those used in the estimates for J, we have 


iez/3es^j 


1/2 


< 


^ y(x^v) [d{x,y)\ 


d{x, x) 


To estimate B, by (2.8), we further write 


bsEE 

ieZ/3G^j 


d{x, x) 

»?/2 




ipi{x) 


1/2 IV’^(y)l 


E E 

{j'GZ: 5d>d(x,y)} (^G^j 

^ E 


<i{i,S)l’'''U ,,, ji/'2 




i’iix) 




+ T. E-+ E . E 

{jEZ: d(a:, <d(a:, ^)} d(a;, }/5 g^j 

= : Bi + B 2 + B 3 . 


From some arguments similar to those used in the estimates for H, it follows that 


Bi < 

J- rs_/ 


d{x, x) 
[d{x,y) 


r,/2 


{jeZ: &i>d{x,y)] 


1/2 Wp{y)\ 


< 


[^(y^,5i)]i/4 ~ V{x,y) 


d{x, x) 
d(x,y) 


ril2 


Moreover, by some arguments similar to those used in the estimates for H, (1.6) and 
( 1 . 1 ), we conclude that 


B 2 < E 

{jEZ: d{x,x)<6d <.d{x,y)} 

{jEZ: d{x,x)<Sd <.d{x,y)} 

~ ^ 

{jEZ: d{x,x)<5d <.d{x,y)} 

(i(x,x)l^^^ 1 



-|5-ld(^hx)g-f5-ld(x,j/) 


e 8 


-|5-ld(^hx)g-f5-Jd(x,j/) 


e 8 


d{x, x) 

W 2 -y 

'd{x,yy 

n 

■ Sd ' 

Si 

V{x,y) 



_d{x,y)_ 


n+q + l 



E 


(5/ 


F(x, u) , d(x, y) 

{jGZ: d{x,x)<5^ <d{x,y)} 


ldix,y)\ 

where for any j E Z is as in (3.13). 


E 


5^ ^ 1 


V(x,y) ^ d(x,y) V(x,y) 


y/2 


d{x, x) 
d{x,y)\ 
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From 0 < d{x,x) < {l/2)d{x,y) and some arguments similar to those used in the 
estimate of B 2 , we deduce that 


B3< E 

{jGZ; d{x,x)>6i} 


< 


E 


< 

rs_/ 


{jeZ: SJ<d{x,y)} 

d{x, x) 1 

d{x,y)\ V{x,y) 



g— ^d{&'^ ,x) ^—u5 ^d{x,y) 


E 


V{x,d{x,y)) 


i=d°gi dlYFll 


'd{x,yy 

n 

■ 5 ^ ' 



_d{x,y)_ 

< 1 


d{x, x) 

~ Vix,: 

y) 

_d{x,y)_ 


-i n+2+1 


n ^/2 


Combining the estimates of Bi, B 2 , B 3 and A, we know that ATfc,* satisfies (2.18), which 
completes the proof of Proposition 3.5. □ 


Remark 3.6. By a slight modification on the proof of Proposition 3.5, we can show that, 
for any A" G N, A: € Z and i G {1,..., .nik}, and ^ satisfy (2.18) and (2.19) with 
any s G (0,r/) and rj as in (2.8). 

Now we are ready to establish the following boundedness result for Hi in (3.2), which 
is an extension of [4, Lemma 4.2]. 

Lemma 3.7. Let {X,d,n) be a metric measure space of homogeneous type. Then the bi¬ 
linear operator Hi in (3.2), originally defined for f,g€ L‘^{X) with finite wavelet decom¬ 
positions as in (3.1), can he extended to a bounded bilinear operator from L?‘{X) x Lfi{X) 
into HlfiX). 

Proof. Let f,g^ with finite wavelet decompositions as in (3.1), ;= Sajna 

for all (j, a) G .e/, with as in (2.4), and Ua ■= J^Sadp. ~ pa [see (2.6)], where 
Pa ■= p{B{xa,5^)) for all (j, a) G . 

We first observe that, for any given j G Zn [—M 2 , M 2 ], with M 2 as in (3.1), and fi G 
with as in (2.10), by C £^j+i., = ^ and (2.3), we know that fi G if and 

only if /I G and d{xa,ifiifij > Moreover, by the finite wavelet decomposition of (/, 

we see that Qjg = 0 for all j 0 Z n [—M 2 , M 2 ]. From these facts, (3.2) and Theorems 2.8 
and 2.7, it follows that 

M2 

(3.31) Bi (/,!/)= ^ {P,f){Qjg) 

j = — M2 
M2 

= E 

j = -M 2 
M2 

j=-M2ae^j d{xi,yj^)>Si+^} 
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in L^{X). 

Now we show that 


M 2 

(3-32) T-.= Y.Y. E 

j=~Xl2 

X / s^(x) ipiix) d^{x) < 00 . 

Jx 

Indeed, from (2.6), (2.11), the Holder inequality, (3.16), (1.1) and //« ~ t'a, we deduce 
that 

M 2 . / ■\ r p-'^s-id{x,y^„) 

^ Y. Y. Y l(/’®«)||(5,V’^)|/ , ! Mx) 

d{xLy^p)>5j+^} Jb{x^,s 53) ^V{y>p,5i) 

M 2 / j \ 1 

SEE E 

i=-M 2 / 3 e 5 f, \ VBa/ VBa 

(r , , 1 . 


^Ub{xL 8S^) ^V{y>p,5^) 


M 2 

s E E E 

j— M 2 /3s?^j |Q,gj2^.. (i(x),,j/^)>(5.2+i} 


dfj,{x)\ [H(x^,8 (1^)] 




which, combined with the Holder inequality again, Lemma 2.5, Theorems 2.7 and 2.8, 
further implies that 

r< f; V w L4^) 


rs E E E 

j— M 2 ^a£j2/j: d(x'j,,y^)>(5-?+l} 


( ^2 

/ \ 19 -1 

E El 


{j=-M2/3G^j 

j 


M 2 / 

E E [f--. 

j=—M2 a£s/j \ V 

f M2 

E EK^’^' 

i=-M2 /3Ggj' 

M 2 / 

E E 

j=—M2 aGjz/j \ V 


E, 

1/2 


^-u5 ^d{xi,y^p)/2 


\\ 9 \\l^(X) ^ ^2'^ \\f\\L^X)\\ 9 \\L^X) < 00. 
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This shows (3.32). 

Let and ruk be as in (3.10) and (3.11), respectively, for any j € Nn [—M2,M2], 
/3 G 'i^j, with '^j as in (2.10), and k G Z_|_. Then, by (3.31), (3.32) and the Fubini theorem, 
we write 


(3.33) 


ni(/,5) 


M 2 


00 M 2 

Y Y Y Y 


k=0j=-M2 

00 mfc M2 

g-i/(52''-2 


EE' 

k=0 i=l 


Y Y 

j=-M2 /3e% 


3 , /3 




siifj 


3 

9 




i’ 


3 

p 


in L^{X). 

To further estimate ni(/, 51 ), we introduce the following operator for any k G Z+ 
and i G {1,..., ruk}- For any {j, f3) G let 

(3.34) 

with '0^’^ as in (3.12) and 0^ as in Theorem 2.8 with k and a replaced by j and /3, 
respectively. Now we hrst show that Uk,i can be extended to a bounded linear operator 
on L3‘{X). Indeed, for any g G L^(T’), by Theorem 2.8, we know that 

9 = YY ™ l2(T). 

Fix a collection {^tv : iV G N, C ^ and is finite} as in (3.9). For any fixed /c G Z 
and Ai G N, (j, /?) G ^ and i G {1,..., rrifc}, let := J2{j,/3)e'^N^9, '•PgWp and U^-g be as 
in (3.12). Thus, by the finiteness of i#jV) h is obvious that U^-g G L‘^{X). 

By Proposition 3.4 and its proof, we see that {U^-g}Nen is a Cauchy sequence in 
L?‘{X), which further implies that there exists G G L‘^{X) such that 

(3.35) G = hm U^^^g in L\X). 

Obviously, for any iV G N, Uk,i (gN) ■= Eq-0^)0^)^ = U^,i9- Thus, we define 

Uk,ig ■= lim Uk,i {gN) = lim = G. 

N —^00 N—>-oo 

Now we show that Uk^ig is well defined. To this end, it suffices to prove that the definition 
of Uk^ig is independent of the choice of {^ArjAreN- Indeed, if there exists another such 
that U^j^g ;= Ey satisfies (3.35), then let ^n '■= '^N kS^N for any 
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€ N. By {<%}ArgN is non-decreasing, ~ Theorem 2.8 and Proposition 3.4 

and its proof, we see that 


K^9-U^,^9 


L\X) 


< 


(i) /3)s<^jv \^N 


+ 


L 2 (Af) 


(ii 



- 


- 

1/2 

- 


< 

E 

(5>V’y) 

2 

+ 

E ^ 



_(/> /3)€<#jv\'^JV 




-(ii \^N 



1/2 


L^{X) 


0 as N ^ oo. 


Thus, {U^-g}N^^ and are equivalent Cauchy sequences in L^(T’) and, 

therefore, they have the same limit in L^(T’). This implies that Uk,i is well defined. 
Moreover, from Proposition 3.4, it follows easily that Uk^i is bounded on L^(T’). 

Then, for each N G N, we consider the integral kernels of and Uk,i- For each A" G N, 
A: G Z, i G {1,..., TUk}, with nik as in (3.11), and {x, y) G (T x /h)\{(x, x) : x € X}, let 


Kk,i{x,y) := 

and _ 

Kk,i{x,y) := E E 

Now we claim that, for every N" G N, K^^, Kk,i are the integral kernels of and Uk,i, 
respectively. 

Indeed, by Proposition 3.5, we conclude that G x /h}\{(x,x) : x G 

X}) are the C alder on-Zygmund kernels with and Cf^j^N independent of N. It 

is obvious that, for every A^ G N, K^- is the integral kernel of U^-. Furthermore, by 
these facts and the definition of G, together with the Lebesgue dominated convergence 
theorem and the Fubini theorem, we conclude that, for all g, h £ C^^‘^{X) with supp (y) n 
supp (h) = 0, 

{Kk i,g^h) = lim {K^i,g^h) 

= hm [ [ K^^^{x,y)g{y)h{x)dg{y)dg.{x) 

= Jim {Uk,ig,h) = {Uk,ig,h), 


where g 0 h denotes the tensor product of g and h. This shows the above claim. 

In order to prove that Uk,i is bounded on Hl^{X), in view of Theorem 2.13(ii), it 
remains to show that, for each (l,2)-atom a. 


'x 


Uk,ia{x) dfi{x) = 0, 


(3.36) 
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observing that, by Theorem 2.13(i), Uk^ia G L^(T’). 

To this end, we need to use some arguments similar to those used in the proof of [37, 
p. 22, Lemma 3] as follows. 

Let a support in the ball Bq := B{xo,ro) for some xq € X and tq G (0,oo). Then we 
write 

{Uk,iQ',^) = {Uk^iCl, X2Bo) + XX\2Bq) • 

By (3.35), we know that 

(3.37) (C/fc,ia,X2So) = {Uk,i^,X2Bo) 

TV —>-00 ’ 

and we then show that 


(3.38) 


{Uk,ia,Xx\2Bo) = ^^^^{Uk,ia,Xx\2Bo) ■ 


To this end, by Proposition 3.5 and (2.17), we first observe that, for all x G X\2Bq and 

y £ Bo, 




< _ I _ 

V{x,ro) 


By this, the Lebesgue dominated convergence theorem and the fact that K^^{x,y) con¬ 
verge to K{x, y) for all x, y € X with x ^ y (see the proof of Proposition 3.5), we conclude 
that, for all x G T’\2i?o, 

lim U^ia{x) = Uk,ia{x). 

TV ->-00 ’ 


Moreover, by j^ady, = 0, Proposition 3.5 and (2.19), we see that, for all G N and 
x G X\2Bo, 


\U^ya{x)\ < / \Kj^i{x,y) - K^i{x,xo)\\a{y)\dy{y) 
JBo 


< 


< 

r\j 


I Bo 


1 


d{y,xo) 
d{x,xo)\ V{x,xo] 


Hy)\ dy{y) 


ro 


d{x,xo) 




< 


ro 


d{x,xo) 


1 


V{x,xo) 


where s = rj/2 and y is as in (2.8). From this and the Lebesgue dominated convergence 
theorem, we deduce that (3.38) holds true. 

Moreover, for all j G Z, let Vj and Wj be as in Lemma 3.1. By sB G Vj, V’i G Wj 

and VjXWj, we see that (sB , i/'^) = 0 and hence dy = 0. By this, (3.37) and the 

Fubini theorem, we conclude that, 


/X 


Uk,ia(x)dy(x) = (Uk,ia,l} = {Uk,ia,X2Bo) + {Uk,ia,Xx\ 2 Bo) 

= jjr^^{Bk,ia,X2BQ) + l^^^{Ukya,Xx\2Bo) = 



40 


Products of Functions in BMO(A’) and 


= lim 

N^OO 


= lim 

N^OO 



AT JX 


a{y) Y1 diJ-{y)dii{x) 

{hP)&VN 
k, i / 

ly 

X 


Y1 [ f a{y)ijj^{y)dfi{y) = 0. 

r)\^r/y J X J 


0',/3)G^iV 

That is, (3.36) holds true. Thus, by Theorem 2.13(ii), Uk^i is bounded on 
Now we claim that, for any k € Z+ and i G {1,... , ruk}, 


M2 


(3.39) 


j=-M2 p&gj ^ ^ 


Indeed, by a* a G a with a as in (3.10), (1.1) and yd i ~ v\ , we see that 
(3.40) y (y^,,5^) < y (^xT ~ 2-^^, 




Moreover, by the proof of [10, Lemma 3.7], we know that, for any j G Z and (5 G'^j, 

.iJ 

is a (1, 2,77)-molecule multiplied by a positive constant independent of j and /3. 


V{y^p,Si) 

Thus, from this, the completion of Theorem 2.11, (3.40), the Holder inequality. 

Theorems 2.8 and 2.7, and the fact that, for any /3 G '^j, there are at most ruk points 
(a* ^) in -2^^^ C £/j corresponding to /3, we conclude that 


M2 

E E(/ 

j=-M2i3e'»j ^ 
M2 

s E E 

j=-M213e'»j 
M2 

SEE 

j=-M2(SG^j 


M2 

2nkl2 ^ ^ 

j = — M2 


5^ ■ 


9, Vy ) Wi) 


J ? Q 

/ J 

^ 7 

cr. 

f, " 








HldX) 


\ 


4 


E 


ipj 


f, 


9,'>Pl 


V{y^p,5^) 


"3,P 


J,/9 


V VH.y 


1/2 


1 1/2 


Z 


M2 


j: 


z 

a£j2/j 


J 


/,■ 


u: 


J 


j=-M2 


1/2 


\\9\\l^{x) 
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which completes the proof of the above claim (3.39). 

From (3.33), (3.34), the above claim and the boundedness of Uk,i on uniformly 

in k and i, we deduce that 


oo mfc 

ni(/,5) 

k=0 i=l 


M2 

E 

j=-M2 /9e^j 


E /.= 


■ a 
J, /3 



OO mfc 

EE 

k=0 i=l 




M2 


E E(/’ 

j=-M2 /9g^j 


5^ i 


-t ■ a 
J, /3 




in By the above claim, (3.39), together with the boundedness of Uk^i on 

uniformly in k and i, and Theorem 2.14, we conclude that 


OO ruk 


(3.41) L:= 


< 


< 


k=0 i=l 
oo mj. 

EE 

k=0 i=l 

oo mfc 

EE 

fc=0 *=i 




-uS2'‘-^ 


-u&2^-'^ 


M2 


UkA E E 


\j=-M2 




J, /3 


9, Vi3 ) V’^ 




M2 ^ 

E E (/’E J 

j=-M2 ^ 


E 

(i>7>/3)GY 


3^P ' ' 




PiQy 


1/2 


LHX) 


Furthermore, from a* ^ E (j + 1)/^) — (tt) Remark 2.4(i), it follows that 


j, p 


, 4 + d (y^, < 2^+id^+i + 2dJ'+i < 2'=+2d^+i, 


which, combined with Theorem 2.3(iv), implies that Qi^ C C B{x\ 


j,p 


By these inclusion relations, (2.6) and (1.1), we further conclude that, for all x £ X, 




niQ- 


< 


< 

rv_/ 


Xqiix) 




°‘j, /3 y 

T/1 / ■ I/(2/)Mf(i/)Xb(,^^' 2'=+35i)(^ 

R(xE ,2^+351) ,2'=+35^) E ,/3 




[C(;,)]"M(/)(X) 
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which, together with (3.41), ruk '■= , the Holder inequality, the boundedness of 

the Hardy-Littlewood maximal function M on L?‘{X) and Theorem 2.8, further implies 
that 




f 

X 1/2 

^ 1 ^ ^ 
C{x) mue 

M{f)< 

E 

m(4)} 


OO ^ 

k=0 



r~ 1 ^ 

;; E [cm] "ll/lli-mllslltfw < II/IIl»(*)I|9|Ii>(a-). 

k=0 


This, combined with the completion of then implies that Ili{f,g) G and 




which, together with the fact that the functions in L?‘{X) with finite wavelet decomposi¬ 
tions as in (3.1) are dense in L‘^{X) as well as a standard density argument, further finishes 
the proof of Lemma 3.7. □ 


Remark 3.8. Using n 2 (/, < 7 ) = ni(gf, /) for all /, 5 G L‘^{X) and Lemma 3.7, we see that 
n 2 as in (3.2) can also be extended to a bounded bilinear operator from Lp‘{X) x Lp‘{X) 
into 


4 Products of Functions in and BMO(A:’) 

In this section, we prove Theorem 1.7. To this end, we first give the meanings of Pjg 
and Qjg for all j G Z and g G BMO(T’). 

By [1, Corollary 11.2], we know that, for any j G Z, /3 G '^j and g G BMO(d:’), {g,ipg) 
is well defined and there exists a positive constant C such that, for all g G BMO(7t’), 

(4.1) (aXg) < C\\g\\BMOix)\Jv{y^f^,5^). 

Moreover, let j ^ 7 a, a and g G BMO(T’). By g G (X) and (2.6), we know that 
\{g,sit)\ is finite, where 

( 5 , 4 ):= / Qsidg. 

Jx 

From (2.6), the geometrically doubling condition and Remark 2.2(ii), it follows that, for 
any fixed x G T, only finite items in (S'’non-zero. Thus, 

■= {9, si) si 
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is pointwise well defined. Then we show that Qjg is also pointwise well defined. Indeed, 
by (4.1), (2.11) and Lemma 2.5, we see that there exists a positive constant C such that, 
for all g € BMO(<T) and x G <T, 





- -^- —vS 

<c'lbllBMo(Y) E — / 

< C'lbll BMO(Y)e < C'lls'll BMO(Y) < OO- 


Thus, Qjg := ( 5 , is pointwise well defined. 

Now we recall the following wavelet characterization of BMO(<T) from [1, Theorem 
11.4]. A sequence with as in (2.10) for any j G Z, is said to belong to the 

Carleson sequence space Car(A’) if 






Car(Y) 


sup 


i^iQ: 


E 




1/2 


< 00. 


Theorem 4.1. Let {X,d,fi) be a metric measure space of homogeneous type. Then the 
space BMO(A’) /C (BMO(A’) functions modulo constants) and Car{X) are isomorphic. 
This isomorphism is realized via b i-7> {(^,=• the inverse 

given by 

where ‘Sj with j ^ Z is as in (2.10), the series converges in (A) for every xq G T and 
ro G (0,oo), and the choices of xq and ro only alter the result by an additive constant. 


- X{kGZ: 5k>ro}U)^pixo) =■ b, 


Remark 4.2. From the proof of [1, Theorem 11.4], we deduce that, if 6 G BMO(A’), then 
b — b = constant and hence 


b 


b 


E 


V’^ -X{fceZ: Sk>ro}0)^pi^o) 


converges in BMO(A’) for every xq G T and ro G ( 0 ,00). 

In order to further investigate the boundedness of Hi, 112 and Ho in (3.2), we need to 
first establish a criterion on the boundedness of sublinear operators from into a 

quasi-Banach space. We first recall the following notion of the finite atomic Hardy space 
(see, for example, [12, 36]). 

Definition 4.3. Let q G (l,oo]. A function / G L^(A’) is said to be in the finite atomic 
Hardy space there exist A^ G N, (l,g)-atoms (as in Definition 1.3) {aj}^^i 

and numbers C C such that 


N 

f = ^ ^jO-j. 
i=i 


(4.2) 
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Moreover, the norm of / in is defined by setting 

where the infimum is taken over all possible finite decompositions of / as in (4.2). 

Remark 4.4. It is obvious that \^{X) is dense in for all g € (1, oo]. In what 

follows, we denote -f^at^fin(‘^) simply by fin('^)- 

We then recall the following very useful result from [36, Theorem 3.2(ii)]. 

Theorem 4.5. Let {X,d,iJ,) be a metric measure space of homogeneous type. Then, for 
each q € (l,oo), || • Wj^i.q and 1 | • W^i i^) equivalent norms on 

■^at, fin at V / ? 

We also need to recall the following notions of quasi-Banach spaces and sublinear op¬ 
erators; see also [12, 41, 25]. 

Definition 4.6. (i) A quasi-Banach space 0 is a vector space endowed with a quasi-norm 
II • lie which is complete, non-negative, non-degenerate (namely, ||/||b = 0 if and only 
if / = 0), homogeneous, and obeys the quasi-triangle inequality, namely, there exists a 
constant K G [l,oo) such that, for all f,gGB, \\f + gWs < A'(||/||e -|- H^Hb). Notice that 
a quasi-Banach space B is called a Banach space if A = 1. 

(ii) For any given quasi-Banach space B and linear space y, an operator T from y to B 
is said to be B-sublinear if there exists a positive constant C such that, for any A, G C 
and f, g €y, 

\\T{Xf + ug)\\s<Ci\X\\\Tf\\s + \u\\\Tg\\s) 

and 

||T/-r 5 ||B<c||r(/-ff)||B. 

Obviously, any linear operator from T to 0 is 0-sublinear. 

Now, using Theorem 4.5, we establish a criterion on the boundedness of sublinear 
operators from Hl^{X) into a quasi-Banach space B, which is a variant of [12, Theorem 
5.9]; see also [25, Theorem 3.5] and [41, Theorem 1.1]. 

Theorem 4.7. Let {X,d,fr) be a metric measure space of homogeneous type, q G (l,oo) 
and B be a quasi-Banach space. Suppose that T : ^ is a B-sublinear operator 

satisfying that there exists a positive constant A such that, for all f G 
(4.3) ||r/||^<A||/||^i., 

Then T uniquely extends to a bounded sublinear operator from Hl^{X) into B. Moreover, 
there exists a positive constant C such that, for all f G Hl^{X), 

||r/||e<CA||/||^i^(^). 
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Proof. Assume that (4.3) holds true. For the sake of simplicity, we only prove Theorem 
4.7 for q = 2, since the general case for q G (1, oo) can be shown similarly. 

Let / G By the density of ™ (see Remark 4.4), we know that 

there exists a Canchy seqnence {/atItvgn C fin(‘^) such that limTv-j-oo WJn — fWnfix) — 
0, which, combined with (4.3) and Theorem 4.5, further implies that 

117" (/at) - T (/m) \\b ^ \\T (/at - /m) lb < A II/at - . (x) 

~ ^ WIn — fM\\Hl^{X) “^0; N, M ^ OO. 

Thus, {T(/a'')}7VgN is a Cauchy sequence in B, which, together with the completion of B, 
implies that there exists F € B such that F = limTv-j-oo T{fj^) in B. Let T{f) := F. From 
Theorem 4.5 and (4.3), we easily deduce that T(/) is well defined and 

\\Tf\\B < limsup [||r(/) - T (/at) |b + ||T (/at) |b] < hmsup ||r (/at) |b 
N^oo N^oo 

< Ahmjup||/^||^i^^^^(^) ~ A^lim^ll/Ailbi^l^) ~ A||/|^ 

which completes the proof of Theorem 4.7. □ 

Remark 4.8. Assume that (A, d, /x) is locally compact. By [36, Theorem 3.2(i)] and some 
argnments similar to those used in the proof of Theorem 4.7, we can also obtain a criterion 
on the bonndedness of snblinear operators from into a quasi-Banach space B with 

(l,g)-atoms, q G (l,oo), replaced by continnons (1, oo)-atoms. 

We now consider the boundedness of 113 . Recall that Ila in (3.2) is bonnded from 
L?‘{X) X L?‘{X) into L^{X) (see Lemma 3.3). To extend Ila to a bounded bilinear operator 
from HI^{X) X BMO(A) into L^{X), we first formally write 


(4.4) 

^3{a,9) ■■= 

1 

W 

1 _ 





J 




for any (l,2)-atom a and g G BMO(A), where for any j G Z is as in (2.10). Observe 
that, if a, 5 G L^(A), then IIs {a,g) in (4.4) coincides with 113 ( 0 , 5 ') in (3.2) with / replaced 
by a and, in this case, it is known that 113 ( 0 , 5 ) G L^{X) (see Lemma 3.3). 

Theorem 4.9. Let (A, d, fi) he a metric measure space of homogeneous type. Then, for 
any {l,2)-atom a and 5 G BMO(A), 113 ( 0 , 5 ) in (4.4) belongs to L^{X) and can he ex¬ 
tended to a bounded bilinear operator from Hl^{X) x BMO(A) into L^{X). 

Proof. We first show that, for any (1, 2)-atom a snpported in the ball Bq := B{xq, tq), for 
some xq G A and rg G ( 0 ,oo), and 5 G BMO(A), 113(0,5) belongs to L^(A) and 

(4-5) \\^3{o-^9)\\F{X) ^ IbllBMO(Y)) 

where the implicit positive constant is independent of a and 5 . 
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To this end, let Aiq G Z satisfy 5^°+^ < < 5^° and Cs be a sufficiently large positive 

constant which will be determined later. We formally write 


00 

= E 

Y1 


1- 

w 

J=fco + l 


- 

{■yG'^j: yi,<GC3Bo} 

1 

CXD 

+ E 



E 

{g, i)iy) 

j=ko+l 


- 

vWCsBo} 

ko 





+ E 





j=-oo 



_-lG% 



=: nW(a, 5 )+nf (a, 5 )+nf (a,!/). 


To estimate n 3 ^^(a, (/), let 

{teZ: 5^<ro}{0G^^: J/^GCgBo} 


We now claim that G L‘^{X). Indeed, let := {7 G s^ko '■ H Csi^o / 0} with 
sz/kQ as in (2.1). From Theorem 2.3(iii), it follows that C'^Bq C Qy°- Thus, by 

Theorem 2.3(iv), we have 

d(y^°,xo) <i4 + C3)5>^\ 

which, combined with the geometrically doubling condition and Remark 2.2(ii), further 
implies that is bounded uniformly with respect to /cq- 

By this. Theorem 2.8, the Minkowski inequality. Theorem 4.1, C B{xo, (4+C'3)(5^°), 
^fco+i < (1.1), we conclude that 


(4.6) 


1/2 


-,W 


L^X) 


E E 

RgZ: 5'?<ro} y^g&CaBo} 


9,'^9 


s E 


E E 

&^<ro} {0(zcg^, y^eg^°} 


9,'4’e 


1/2 


1/2 


9,'4’e 


< 


E E E 

TCMso {{£&: 5«<ro}{6»e»i: (^+lT)<(fco, 7 )} 

IIS'!! BMO(A’) E ^ Ibll bmo{x)V9{Bo), 

TG^Sq 
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which shows the above claim. 

By this claim and a G L‘^{X), together with Lemma 3.3 and (4.6), we conclude that 
n 3 ^^(a, (/) = 113 ( 0 ,belongs to L^{X) and 


n«(a,i/) 


ns 


< 


LHX) 


^h^ix) 


.(1) 


< 


L^X) 


11511 BMO(Y)- 


Ili(y) 

/t^\ 

To deal with Ilg {a,g), we first estimate |(a,for all {j,/3) G ^ with ^ as in (3.8). 
By (2.11), the Holder inequality, the size condition of a and (3.16), we obtain 


(4.7) 


a,Tp- 


< [ |a(x)| dfi{x) < j \a{x)\ — 

JX J Bo ' 


V{yl,5^) 

-^6-^ d{x,y^p) 


dix{x) 


'Bo JV{y^p,5i) 


dy,{x) 


< ^d{xo,y^p) 


ro I 


''\\l^(X) 






LHX) 




Then we estimate \^p^|^{x)'^p^{x)\ dfj,{x) for all j G Z n [/cq + I, 00) and / 3 , 7 G '^j with 
^7 ^ C^Bq. By (2.11), the Holder inequality and (3.16), we have 

(4.8) f ip^i^{x)'ipi^{x) dy,{x) 

J X 

r p-^S-:id{x,y^p) pS-3d{x,yi^) 

< / ^- 4 - dyL{x) 


Jx 


< 


V{l/p,Sf) Jv{yir,S^) 


^d{u'p,yi^) 

p-^S-id{;y^p) 




Vn(y^,,5i) 

L^iX) 

V^n(y^,7^') 


< 


id{y^p,yi^) 


L\X) 


Notice that, for any s G Z_|_ and (5,7) G by Remark 2.2(ii) and tq < 5^°, we have 

# {7 G : yi, G 2^+iC3Ho\2^C'3i?o} < 


^1*^° < 2(s+l)Gor(feo-i)Go 

(51J ~ 


which, combined with (4.7), (4.8), (5^°+^ < ro < (5^°, (4.1), Lemma 2.5 and (1.1), implies 
that 


j=ko+il3e% {7e«,: yi^(^CoBo} 


K5,V’7>| V'^V ’7 


Li(Y) 
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j=ko+l Pe'^j yi^t^CiBo} 


^[K^o)] ^'^^llfl'llBMO(A') E ^ E 

j=ko+l {'ye'^j- vWCaBo} 


V(y^,5i)e"^'^ >d(a;o,y^) 




^ II II ^ !±s-:>d(xo,yi,) 

^ IIS'IIbmoW 2^ e" 2^ e 4 yo,y-r> 

j=ko+l yi^^CaBo} 

oo oo 

^lbllBMO(A:’) E ° E E ' 

j=ko+l ^=0{7e5fj: 4e2'’+lC3Bo\2'’C'3So} 


-!^5-jd{xo,yif) d{xo,yi/) + rp 


_|5feo+i-4C32'’2(s+l)n 


< IkllBMOW E < IlgllBMOW, 

jr=fco+l S=0 

provided that C^d > 4. By this and the completion of L^{X), we conclude that n 3 ^^(a, 5 r) 
belongs to L^{X) and 

n3^^(a,5) ^ IIs'IIbmoW- 

/ o\ 

Finally, we consider Fig (a, 5 r). To this end, we first estimate |(a,V'^)| for all j € 
Z n (—oo, ko] and /? G with as in (2.10). By a{x) dyL{x) = 0, tq < < 6^ for all 

j < ko, and (2.12), we obtain 


a,V’^j| < J^\a{x)\\^Pp{x) - ^p^xo)^ dn{x) 

< / l«(^)l , . dy{x) 

Jbo I J pv{y^^, 5 r) 


<e-''^~'d{xo,yp)^{k^-y)y 


Moreover, observe that, from (2.10) and (2.3), we deduce that, for given j (z Z and 
/3 G 7 G and 7 / /3 if and only if 7 G and d{yif,y^j^) = d{xp '^By 
this, (4.1), (4.9) and (4.8), we further obtain 


KQ 

J:= E EE 


j=—oo 7e?fj 



Xing Fu, Dachun Yang and Yiyu Liang 


49 


llffll BMO(Y) 


^ §iko-j)ri ^-u5-^dixo,y^p) d{y^p,y{) 


l3&% 7eS^j 




ko . fco 

-IbllBMow E + E 

j=—oo i=—°o 

■ 1 1/2 

X ^ ^-uS-^dixoYp) 

{7e^j: rf(i/^,y/)>51+l} 

= : Ji + J 2 . 


From Lemma 2.5, it follows easily that 


Jl ^ 11511 BMO(Y) E ~ II 5 II BMO(Y)- 


For J 2 , notice that, for any s G Z+, (j,/3) G by Remark 2.2(ii), we have 
#{7 G 1#, : 2^5^'+' < d(2/^, 2/^) < 2^+15^+^} < 2(*+i)«°, 
which, together with (1.1) and Lemma 2.5, further implies that 

J 2 < ll 9 llBMO(;f) E i'*"-'” E E 

/=-oo /3 g5^j { 7 e^j: 

ko 

<I|5||bmo(y) E 

j=-oo P&gj 

2(s+l)ng—1^52®“! 

s=0 2®5l+i<d(y^,y/)<2®+i5l+i} 

/Cq 00 

<II5||bmo(y) E 

j=—oo s=0 



57 ) + 


This, combined with the estimate of Ji, implies that J < Ji + J 2 ^ Ibll bmo(y)- Thus, by 
the completion of L^{X), we see that n®(a,5() G L^(/f) and 

n3^^(a,5) < J ^ I|5 ||bmo(y)- 

L [A.) 

By this and the estimates of n 3 ^^(a,( 7 ) and n 3 ^^(a, 5 (), we conclude that 113 ( 0 , </) belongs 
to L^(<T) and (4.5) holds true. 
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Moreover, we claim that, for any (/,</) G ^ BMO(Af), 

(4-10) ||n(/,5r)||^i(^^ < ll/ll/fi^ g^(A’)ll5'll BMO{A')- 

Indeed, for any / G fin('^)’ there exists a finite sequence {N G N) of (1,2)- 

atoms and C C such that 

N N 

(4.11) / = Z] X] 1^*1 - 

i=l j=l 

Thus, from (4.5) and (4.11), it follows that 

N N 

l|n(/,5f)llLi(^) = < X] l|n(aj,5()||^i(_;^,) 

N 

~ X/BMOfAf) ^ ll/ll/fi^ j.^(A’)II 5'II BMO(Af)) 

i=i 

which shows the claim (4.10). By the above claim and Theorem 4.7 with T{-) := n 3 (-,gf) 
and A ~ IbH BMOfAf) for any fixed g G BMO(<T), we see that Ila can be extended to a 
bounded bilinear operator from x BMO(T’) into L^(T’), which completes the proof 

of Theorem 4.9. □ 

We then consider the boundedness of Hi. Recall that Hi in (3.2) is bounded from 
L?‘{X) xL?‘{X) into Hl^{X) (see Lemma 3.7). To extend Hi to a bounded bilinear operator 
from HI^{X) X BMO(T’) into Hl^{X)^ we first formally write 


(4.12) 

Hi (a, 5 ) := 

{a, si) si 

M ' 

_1 


j& 


J 


for any (l,2)-atom a and g G BMO(T’), where £/j and for any j G Z are as in, 
respectively, (2.1) and (2.10), 5a ■= Sajua and Ua ■= J^Sadg. Notice that, if a, 5 G 
L?‘{X), then ni(a, 5 r) in (4.12) coincides with ni(a,(/) in (3.2) with / replaced by a and, 
in this case, it is known that 111 ( 0 ,( 7 ) G (see Lemma 3.7). 

Theorem 4.10. Let {X,d,g) be a metric measure space of homogeneous type. Then, for 
any {l,2)-atom a and g G BMO(d:’), Hi( 0 , 5 ) in (4.12) belongs to Hl^{X) and can be 
extended to a bounded bilinear operator from Hl^{X) x BMO(d:’) into Hl^^{X). 

Proof. We first prove that, for any (l,2)-atom a supported in the ball Bq := B{xo,ro), 
for some xq G X and xq G (0, 00 ), and g G BMO(d:’), ni(a, 5 () belongs to Hl^{X) and 

(4T3) ||ni(a,g')||^i^(;i;-) < 11511 BMOfA-); 

where the implicit positive constant is independent of a and g. 
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To this end, let fco G Z satisfy 5 ^°+^ < ro < and C 4 be a sufficiently large positive 
constant which will be determined later. We then formally write 


OD 

Hi (a, 5) = Z 



1 

M 

_1 

j=ko+l 

aG^j 


4^C4Bo} j 


00 


+ E 

i=fco+i 


ko 

+ E 


Y1 

(y£j2/j 


Y1 






j=-oo 


(y£j2/j 




=:n«(a,i/)+nf)(a,i/)+nf^(a,5). 


Let 


£h := Z Z {9^'>Pe)'>Pe- 

{(.&■. 5^<ro}{e&'^f ye&C^Bo} 


By (4.6) with 6*3 replaced by 6 * 4 , we know that gi G and 

llfl'l|lL2(A’) ~ Ilfl'II BM0(Y)\/MA))- 


By this and a G L^(T’), together with Lemma 3.7, we conclude that = ni(a, 5 i) 

belongs to which, together with Lemma 3.7 and an argument similar to that used 

in the estimate for in the proof of Theorem 4.9, implies that 






ni {0',9i)\\hI^{X) ~ IbllBMO(A’)- 


Observe that, for any j G Zn [fco +1, 00 ) and a £ £/j with £/j as in (2.1), if B{xa, 86 ^) fl 
B{xo,ro) / 0, then Xa G B{xo,ro + 8 S^) C 9i?o- Thus, we have 


OD 




nf'{a,s)= E 

Z 



j=ko+l 

{oe.£S^-: xi,£9Bo} 


Vp^CaBo} 


Now we claim that, for all j G Z, a G £/j, and (3 £^j with as in (2.10), 


(4.14) 


a 


j 

a, {3 




SqV’' 


9 


F(xi,105^) 


is a ( 1 , 2 ) — atom. 


multiplied by a positive constant, supported in B(xo, lO^-^). Indeed, from Sa G Vj, 
G Wj and WjTL^- with Vj and Wj for any j G Z as in Lemma 3.1, it follows that 



52 


Products of Functions in BMO(A’) and 


Sa{x)ip^p{x) dfj,{x) = 0. Hence, = 0. Meanwhile, by (2.6), we see that 

supp(saV’^) C H(xa, Moreover, from (2.6), (2.11) and (3.16), we deduce that 




< 


L 


^-2u5 ^d{y^p,x) 


LHX)- JB(xi,5^) V{y^p,5^) 


dKx) < 


Thus, 

which shows the above claim. 

Observe that, for any j G Z n [Aiq + 1, oo), a G £/j, /3 G Xo G 9Ho and ^ C 4 BQ, 
we have (i(y^,xo) > C 4 ro > 2d(xa,xo) provided that C 4 > 18. Moreover, from Remark 
2.2(ii) and tq < it follows that, for any j G Z and t G Z+, 


(4.15) 


#{a G £/j 


xi G 9Ro} < 


To] Go 

L^. 


< j(fco-i)Go 


and 

(4.16) 


#{/? G 


G 2'+^C4Ro\2*C4Ro} < 2'^° 



< 2*GO(j(fco-i)Go 


By the above claim (4.14), (4.1), Ua ~ := V{xa,5y), (2.6) and (1.1), we conclude that 


A- E E E 

J=ko+l{a€s^j: xiG9Bo} y^p^CiBo} 


[a,si) 


< 


E E 


E 


J=fco+l{aG.«S: 4e9Bo}{/3G^j: vi^CiBo} 


5',V’y 




HltiX) 


Sai’^13 

1/2 


^ 11511 BMO(A:’) EE E IkllLRA’) 

j=ko+^ xi&Bo} yi^CiBo} 

^-^S-^d{yi,xi) 


V{xi,5^) 


xe 


^ Ibll BMO(A') EE E 

j=ko+l{aeJ^j: xie9Bo}{j3e^j: 40^4^0} L 


d(xi,yj^) + dy 


1 42 


SJ 


^-f(5 ^d{yi,xi) 


which, together with d{y^^,xo) > 2d{xii,XQ), (4.15), (4.16) and 5 ^ 0+1 < tq < further 
implies that 

OO 

A<IUIIbmo,« EE E 

j=ko+l{ae^j: 4 e 9 Bo}{/ 9 G^ 4 : vi^CiBo} 
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<I|5||bmo(y) E E 

j=ko+l {I3e^y. yi^^CiBo} 

OO OO 

<I|9||bM0,.V, E E E 

j=ko+l t=0 j/Je2*+lC'4Bo\2*C4Bo} 

OD OO 

< IkllBMOW E ^ llffllBMO(Y), 

j=ko+l t=0 

where Mq and are sufficiently large positive constants such that Mq > 2Go, with Go 
as in Remark 2.2(ii), and G 4 > 18, respectively. Thus, by the completion of we 

conclude that 11 ^^^(a,€ Hl^{X) and 

nf^(a,5) j < A < Ill'll bmo(y)- 

(3) 

Finally, we consider 11^ {a,g). Observe that, for any j € Zn (— 00 ,/co] and a G £/j, if 
B(xo,ro) n B(xa,8d^) 7 ^ 0, then Xa G B{xo,95^). By this, we further formally write 

ko 

^iHa,g)= E E {a,5i)si ' 

1““°° {o€j2^: x^€-B(xo, 95^)} 

We first estimate |(a, Sa)| for all j G Z n (— 00 ,/co] and a G £/j with Xa G B{xo, 

By a{x) dg{x) = 0, ro < < 5^ for all j < ko, and (2.8), we obtain 

(4.17) |(a,s^)| < / \a{x)\\si^{x) - si^{xo)\ dg{x) 

JBo 

< ^ |a(x)| dg{x) < 

Moreover, for any j G Z, by Remark 2.2(ii), we have 

#{a G ssfj : G B{xo, 9(5-^)} < 1. 

From this, (4.17), the above claim (4.14), (1.1), (4.1), t'a ~ git ■= V{xa,6^) and Lemma 
2.5, it follows that 

ko 

E E E 

x^ctGB{xo,9S3)} 

< E E E l(“’®«)l 

xk&B{xo,9&i)} 
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ko 

<NIbmoot EE E 

xi&B{xo,9Sr)} d{xi,y^^)>6j+l} 

"" V{xi,S^)_ 

ko 

<II<)IIbmo«) EE E 

j=~°° {oe^-: xi:&B{xo,95i)} {(3&^j: c((a;i, j/^)>5-’+i} 

d{yLxi) + (5^1 

ko 

<ii<)IIbmoot E E E 

i=~°° {oe^-: a;^G-B(a:o,9(5J)} {/3e?^j: j/^)>(5-’+l} 

ko 

~ Ibll BMO(A') ^ ^ Ibll BMO(A’)) 

j=-oo 

which, combined with the completion of further implies that 11 ^^^ {a,g)€Hi,{X) 

and 

nf ^ (a, g) 1 ^ Ibll BMOiA-) • 

^atm) 

By this and the estimates of (a, and n^^^(a, (/), we conclude that ni(a, 5 r) in 
(4.12) belongs to Hl^{X) and (4.13) holds true, which, together with Theorem 4.7 and an 
argument similar to that used in the proof of Theorem 4.9, further implies that Hi can 
be extended to a bounded bilinear operator from Hl^{X) x BMO(T’) into H^^^X). This 
finishes the proof of Theorem 4.10. □ 

Before considering the boundedness of 112 , we first recall some useful results from [27], 
which are valid without resorting to the reverse doubling condition after some careful 
examinations, the details being omitted. 

Lemma 4.11. ([27, Proposition 3.1]) Let {X,d,g) be a metric measure space of homo¬ 
geneous type, (3 G (0,1] and 7 G (0, 00 ]. Then, for all h G G{/3,'y), there exists a positive 
constant C, independent of h, such that, for any g G BMO(T’), 

ll%ll BMO(A:’) — ll^lla(/9, 7 ) Ill'll BMO+(Af)) 

here and hereafter, for a fixed xi G X and all g G BMO(d:’), 

Ibll BMO+W := ll/ll BMO(A-) + \fix)\dg{x). 
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Lemma 4.12. ([27, Lemma 3.2]) Let {X,d,n) he a metric measure space of homogeneous 
type and q G (1, oo]. Then there exists a positive constant C such that, for any (1, q)-atom 
a supported in some ball B and g € BMO(A’), 

||b-m-B(ff)]-M(a)|lLi(A-) < C'llffllBMO(A’), 

where A4 is as in (1.5) and msig) ■= J^gdp,. 

Lemma 4.13. ([27, Proposition 3.2(ii)[) Let {X,d,fr) be a metric measure space of ho¬ 
mogeneous type. Then there exists a positive constant C such that, for any f € L^{X) and 
g € BMO(;f), 

\\f 9 \\l^os{X) — ^ll/llLn-^) Ill'll BMO+(A:’)- 

The following conclusion is an easy consequence of [12, Lemma 4.4], which is valid 
without resorting to the reverse doubling condition. We present some details here for the 
sake of clarity, which are similar to those used in the proof of [35, Lemma (2.3)]. 

Theorem 4.14. Let {X,d,pL) be a metric measure space of homogeneous type. Then there 
exists a positive constant C such that, for all f G H[^{X), 

I|A4(/)IIliw <C||/||^1^(^), 

where M. is as in (1.5). 

Proof. We first prove that, for any (l,2)-atoms a, supported in the ball Bq ;= B{xo,ro) 
for some xq G X and xq G (0, oo), 

(4.18) I|M(«)IIl1(y)<1- 

Indeed, we first write 

f Ai{a)dp.{x)= [ Ad{a) dji{x) + f •••=:I + IL 

Jx J B{xQ,2rQ) J X\B{xQ,2rQ) 

To estimate I, let e G (0,1) and /3, 7 G (0, e) be as in Dehnition 1.1. By (Tl) of Dehnition 
1.1, we know that, for all x G T, r G (0, 00 ) and h G Q{x,r, (3,^) with \\h\\gi^„.^r,g,'y) < 


\{a,h)\ < 


B{xo,ro) 

1 


\a{y)h{y)\dy{y) 


< 

V{x,r 


OO ^ 


' B(xo, ro)nS(ai, r) 


\a{y)\dy-{y) 


|a(y)l 


J B{x., 2*+^'r)\B(x, 2^r) 


dyiy) 


Ma{x) + ^ 2 


-t'y_ 


t=0 


V(x, 2 r) JB{x,2^~^^r) 


Hy)\ dn{y) 
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<Ma(x) + ^2 Ma{x) < Ma{x). 

i=0 


Thus, for all x € X, M.a{x) < Ma{x), which, combined with the Holder inequality, (1.1) 
and the boundedness of M on L‘^{X) (see [7, (3.6)]), further implies that 


I < 


' B{xo,2ro) 


Ma{x)dn{x) < ||Ma||i 2 (;i.)[H(xo,ro)]^/^ < ||a||L 2 (A')[^(a^o, ro)]^/^ < 1. 


Now we turn to estimate II. Observe that, for all x 0 B{xo,2ro) and y G H(xo,ro) n 
B{x,r), we see that r > vq and hence 

2ro ro + d{x,xo) r + d{x,xo) 
d{y,xo) < ro = — < - - - < - - -. 

Thus, from this, J^ady, = 0, (T2) of Definition 1.1 and r > ro, we deduce that, for 
h G g{x,r,(3,'y) satisfying that \\h\\g(^^^r,i3,'y) < 1, 


\{a,h)\ < 


' B{xo,ro) 


\a{y)\\hiy) - h{xo)\dy{y) 


< 


< 


d{y,xo) 

^ |a(y)l 

r 

r + d{x,xo)_ 

V{x,r) + V{x,xo) 

r + d{x,xo)_ 


ro 

^ 1 

1 k LRA’) ~ 

ro 

ro + d{x,xo)_ 

V{x,xo) 

ro + d{x,xo)_ 


dy{y) 


This, together with (1.1), further implies that 


II < 


[ 

ro 

/ X\B{xo,2ro) 

ro + d{x,xo)_ 




1 


V{x,xo' 


■ dii{x) 


< 


1 

[ 

ro 

R(xo,2Vo) 

J B(xo, 2*+lro)\-B(a;o, 2‘ro) 

ro + 2Vo_ 


dy{x)<^2-^P<l, 


t=i 


Thus, (4.18) holds true. 

Moreover, for all / G 77,];^ fin('^)) there exist N' G N, a sequence of (l,2)-atoms 

and {Xj}f=i C C such that / = and Ylf=i l^il ~ unW' 

fact that M is sublinear and (4.18), we deduce that 


N 


N 




i=i 


i=i 


which, together with Theorem 4.7, implies that M can be extended to a bounded sublinear 
operator from into L^(X). This hnishes the proof of Theorem 4.14. □ 

By Remark 1.5 and Theorem 4.14, we easily obtain the following result, the details 
being omitted. 
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Corollary 4.15. Let be a metric measure space of homogeneous type. Then 

C and there exists a positive constant C such that, for all f € 

Now we deal with the boundedness of 112 . Recall that 112 in (3-2) is bounded from 
L‘^{X) X L‘^{X) into HI^^{X) (see Remark 3.8). To extend 112 into a bounded bilinear 
operator from HI^{X) x BMO(d:’) into H^°^{X), we first formally write 


(4.19) 

n 2 (o, 5 ) := 





j& 





for any (l,2)-atom a and g G BMO(T’), where and for any j G Z are as in, 
respectively, (2.1) and (2.10), Sq := Sajna and t'a := J^Sadp,. We point out that, if 
a, g G L‘^{X), then 112 ( 0 , (/) in (4.19) coincides with 112 ( 0 , i/) in (3.2) with / replaced by a 
and, in this case, it is known that 112 {a,g) G TfatCR") (see Remark 3.8). 

Theorem 4.16. Let {X,d,ii) he a metric measure space of homogeneous type. Then, for 
any {l,2)-atom a and g G BMO(T’), 112 ( 0 , 5 ) as in (4.19) belongs to H^°^{X) and can be 
extended to a bounded bilinear operator from Hl^{X) x BMO(d:’) into H^‘^^{X). 

Proof. We first prove that, for any (l,2)-atom o supported in the ball Bq := B{xo,ro), 
with xq G X and tq G (0, 00 ), and g G BMO(d:’), 112 ( 0 , 5 ) belongs to H^°^{X) and 

(4-20) l|R2(n) 9')||Hlog(Ar) ^ Ilfl'II BMO+(A:’)’ 

where the implicit positive constant is independent of o and 5 . 

Let fco G Z satisfy (5^°+^ < tq < <5^° and 6*5 be a sufficiently large positive constant 
which will be determined later. We formally write 



= : n2 (o, [5 - msoig)] XC5B0) + n2 (o, [5 - mBoig)] Xx\CsBo) + n 2 ( 0 , 77150 ( 5 )) 

= :nW(a,5)+nf (o,5)+nf ( 0 , 5 ), 

where msoig) ■= [t{Bo)]' ^Jbo 5 d/i. 

By the John-Nirenberg inequality (see [7]) and (1.1), we have 

II [g - niBo ( 5 )] XC5B0 II L^(X) 
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< / \g{x) - mc^Bo{g)\^ dfi{x) + \mBo{g) - mc5Bo{g)\ 

UCsBo J 

< IbllBMO(A’)) 

which, combined with a G and Remark 3.8, implies that n 2 ^^(a, 5 ) belongs to 

and 

=\\^2 {a, [g - ruBoig)] XC5 Bq)\\hI^{x) 

^ hWmx) \\[g - mBoig)] xcsBo\\l^(x) 

~ IIS'!! BMO(A') ^ Ibll BMOlAf)- 

From this and Corollary 4.15, it follows that n 2 ^^(a, 5 ') G and 

^i\a,g) ^iHa,g) ^ IIs-IIbmow- 

To deal with II^ {a,g), we first estimate |([ 5 ( — 'mBQig)]xx\C 5 Bo’^ct)\ (t ck) G ^ 

with as in (2.4). Indeed, from (2.6), [1, Lemma 11.1] and (1.1), we deduce that 


(4.21) 


\{[g - mBo{g)]xx\c5BQ,si)\ 


- ... ,■ / \9i^) - ^Bo{g)\ dg{x) 

V{xa, 5^) JB{xi,8Sj) 

^ ... ] ... , , dg{x) 

V[xi^,6^) Jb{xI,853) 

+ ^Bo{g) - 

^11 II 1 , , 8(5^ +ro + (i(x^,xo) 

^ IIS'BMOIA') II 1 + log-—- 

' ’ mm|8o-J,ro| 

^ II II . , , + ro + d{xi,xo) 

^ S' BMO(Af) 1 + log- r-j^- -T- • 

^ ^ mm|o-J,ro| 


llsll BMO(Af) 1 + log 


By the claim (4.14) in the proof of Theorem 4.10 that, for any j £ Z, a £ £/j with £/j 
as in (2.1), and jd £ '^j with as in (2.10), ^ is a (1, 2)-atom, multiplied by a positive 

constant, supported in B{xa, lOd-^), we find that 


l([f^-"^So(s)]XAC5Bo>s^)l |(«>V’^)| 

jez 

~ \ {i9 - mBo{9)]Xx\C5Bo,si)\ 

j&L ae^j 
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OD 

E EE \{[g - rriBoig)] Xx\C5Bo,^i 

j=ko+l j3&&j 

I - ko 

x^v■■■ 

j=-oo 



:h+h- 


Observe that, for any j G Z D [fco + l,oo) and a G £/j, if B{xit,8S^) 0 {X\C5 Bq) / 0, 
then, by < ro, there exists y G B{xit,8S^) H {X\C5Bo) such that 

d{y,xo) > Csro > C5<5^°+^ > C5<5^' > 185^' > 2d (y,x{) 


provided that C5 > 18, and hence 

(4.22) d (x^, xo) > d{y, xq) - d (x^, y) > (y, xq) > ^xq. 

Meanwhile, from an argument similar to that used in the proof of (4.7), we deduce that, 
for all j G Z n [feo + 1, 00 ) and /3 


(4.23) 



< 

rs_/ 


/ |Q(a:)l /- 

'bo Jv(y^^,dJ) 


dg{x) < 


^ro 






< ^d{xo,y^p) 


puS ^ro 


Moreover, from Remark 2.2(ii), it follows that, for any j and s G Z+, 


(4.24) 


# < a G 


G 2^+i^Ro\2"^ilo 


1 < osG'o 

■ro' 

J ^ 

. 53 . 


By (4.22), (4.23), (4.21), 5^ < < ro for each j G Z n [/cq + l,oo), (1.1) and C5 > 18, 

we conclude that 


II ^ 11511 BMO(Y) E E E 

jr-fco+l {ag^.: 


1 + log 


ro + d{xi,,XQ) 


5i 


xe 


-1/5 ^d{xQ,y^p) v5-^ro 


Vixi, 6 ^) 


1/2 


^-|<5 ^d(xda,y>p) 


< II 5 II BMO(Y) E E ^ 


v5 ^r0p-j5 ^d{xo,xi) 


j=ko+l xi^^Bo} 


1 + log 


ro + d{xi,xo) 


6^ 


^ ^ ^dixo,y^p)^-j5 ^d{xl,y^p) 

{/3e?^,: d{xLy^p)>5i+^} 


d{xi,yl) + 6 ^ 


53 


n/2 
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< 

('N_/ 


Ilfl'II BMO(Af) E E 

{/3eS^j; d{xi„y^p)>&i+^} 


I'd dro^-jS 'd(xo,xi) 


1 + log 


ro + d{xi,xo) 
5^ 


which, combined with Lemma 2.5 and (4.24), further implies that 


II ^ Ilfl'II BMO(af) X/ X/ 

j=fco+l xi,^^Bo} 


vd ^ro -jS 'd{xo,xi) 


1 + log 


ro + d{xi,xo) 
6 ^ 


OO CXD 


< 

rv_/ 


X 


11511 BMO(af) EE E 

j=ko+l s=0 ^3^^2 ‘>+^^Bo\2‘^Bo} 

ro + 2^(75 


gi'd ^ro^-jd '2“ iCsro 


1 + log ■ 


S3 

OO OO 

<I|5||bmoW E 


j=ko+l s=0 


f. , ,1 ro 

si) + * + 


< 

rs_/ 


Ibll BMO(A’)- 


Furthermore, we observe that, for any given j € Z n [—M 2 , M 2 ], with M 2 as in (3.1), 
and f3 G ^j, with as in (2.10), by ^j, s^j C ^+ 1 , r\ ^ and (2.3), we know that 
a G if and only \i a ^ and (i(x:^,y^) > S3~^^. By this, (4.21), (4.9), 6 ^ > S^° > ro 
for any j G Z fl (— 00 , ko], (1.1) and Lemma 2.5, we obtain 


k(j 

h ^ Ibll BMO(a') E g] E E 1 + log 

j=—oo aGjs/j fi&I&j - 


53 + d{x’a,Xo) 


ro 


Xg-^'5 Jrf(xo,y^)g-f<5 ^d{xi,y^^) 

ko 

y 

j=-oo ~ 


1 1/2 


V{xi,53) 

V{y^p,S3)_ 


IUIIbmoot E g]’ e '■“f*'"'""”''* 


X 


1 1 +d{xi,xo) 

^-jd 'dixi,u'p) 

d{xa,y^f:j) + S3 

ro 


S3 


{aejs/ji d(xk,u'p)>d3+'^} 
nl2 


id{xk,xo) 


ko 

ii^iibmo,., E g]”E E 

53 + d{Xa,Xo) 


1 + log ■ 


ro 
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fco 


llffllBMO(Y) [^_ X] ® ^ 

j=—oo aGs/j 


-|<5 ^d{xi,xo) 


1 + log 


6 ^ + d{xi,xo) 


ro 


Moreover, notice that, for any j (z Z and t G from Remark 2.2(ii), we deduce that 
#{a G si/j : 2^5^ < d{xit, xq) < < 2 ^^°, which implies that 


E 

aG^/j 


g-f<5 ^d{xl^,xo) 


1 + log 


5^ + d{xi,xo) 


ro 


< 


E 


{aGji/j: d{xa<^o)<^^} 


6 ^ 

1 + log — 
^0. 


I' ot 

e 4 ^ 


+E E 

^ ^ {a£^j: 2*(5-? , xo)<2*+^5-^} 

xj ^ 

< l + log —+ + 

t=o 


1 + log 


6 ^ + 2 * 6 ^ 


I 

1 + log — 
^ 0 . 


ro 


6 ^ 

< 1 + log—. 
ro 


By this, we further conclude that 


fco 

I 2 < ||5'IIbmo(y) [ 


3=-oo 


ro 

5ii 


V 


1 + log 


ro 


< 

('N_/ 


Ibll BMO(Y)) 


which, combined with Corollary 4.15, the completion of Hl^{X) and the estimate of Ii, 
further implies that ^ and 


nf (a,!/) 


< 


H^°s{X) 


nf (a,!/) 




^ I ^ II + I 2 < 11511 BMO(Y)- 


Finally, we deal with II® (a, (/). By (2.7), a G L‘^{X) and Theorem 2.8, we have 
(4.25) 112 ( 0 ,1) = a. 

From this. Remark 1.5, Lemmas 4.13 and 4.12, it follows that 


n®(a,i/) 


^ lll"iBo(5) -5l■®^(«)llLl°s(a’) + \\\9\M{a)\\ 

^ WlmBoig) -5|>1(«)IIli(A’) + II«IIl1(y)III5||Ibmo+(y) 

^ Ibll BMO(Y) + I|5 |IbMO+(Y) ~ IIS'!! BMO+(Y)> 


which, combined with the estimates of n®(a, </) and n®(a, (/), implies that 112 ( 0 , 5 ) 
belongs to H^°^{X) and (4.20) holds true. 

From the above proof of (4.20), we deduce that there exists h := II® ( 0 , 5 )+11® ( 0 , 5 ) G 
HitW satisfying that ||/i||Hi+Y) ^ II5 ||bmo(y) and 

112(0,5) = h + amBoig), 
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which, together with Lemmas 4.12 and 4.13, and some arguments similar to those used in 
the proof of [4, (5.6)], further implies that, for all / G Hl^ fin(‘^) 9 ^ BMO(d:’), 

11 n2(/, 5 ) 11/flog (A-) = 11-^ (n2(/,5))llLl°g(A’) ~ ll/ll/fi^ g^(A’)lbll BMOIA-)- 

By this, Theorem 4.7 with T(-) := Ii 2 {-,g) and A ~ H^rjl BMO(Af) any fixed g G BMO(T’) 
and the fact that is a quasi-Banach space (see, for example, [25, Section 2.4]), we 

know that 112 can be extended to a bounded bilinear operator from x BMO(T’) 

into which completes the proof of Theorem 4.16. □ 

Now we are ready to prove Theorem 1.7. 

Proof of Theorem 1.7. We first claim that, to show Theorem 1.7, it suffices to prove that, 
for any (1,2)-atom a, supported in a ball Bq := B{xo, ro) for some xq € X and tq G (0, 00 ), 
and g G BMO(T’), 

(4.26) ax g = Ui{a,g)+ U 2 {a,g)+U 3 {a,g) in {Go{f3,j))* 
with e, 13 and 7 as in Theorem 1.7. 

Assuming that (4.26) holds true, we now show the conclusion of Theorem 1.7. Indeed, 
for any / G Hl^{X), by Dehnition 1.3, we know that there exist a sequence {aj}j,=fq of 
(l,2)-atoms and {Xj}j<=N C C such that / = ™ Bor each G N, let 

/tv := We then have 

(4.27) lim/Tv = / in HI^{X). 

TV—>-00 

From (4.26), it follows easily that 

(4.28) /tvX <7 = ni(/Tv, 5 )+n 2 (/TV, 5 ) + n 3 (/TV, 5 ) in {g^o{f3,j)r. 

We now show that 

(4.29) lim fNXg = fxg in (^o(/3>7))*- 

TV->00 

To this end, for any h G QQ{(3,'y), by Lemma 4.11 and (4.27), we obtain 

K/at X g,h) - {f X g,h)\ 

= \ {gh, /tv ~ /)! ^ lls'^ll BMOfAT) Wf^ ~ /ll/fiJA') 

~ y^(a;i) 7) Ill'll BMO+IAT) WfN - fWnl^ix) N ^ 00, 

which shows (4.29). 

Moreover, from (4.27), Theorems 4.9, 4.10 and 4.16, we deduce that 

lim n 3 (/Tv, 5 f) = n 3 (/, 5 () in L^{X), 

TV->-oo 
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limAr^ooni(/Ar, 5 -) = Ili{f,g) in and liniAr^oon 2 (/Ar, 5 ) = 'n. 2 {f,g) in 

which immediately imply that they all also hold true in (Gq(/3, 7 ))*. By these facts, (4.27), 
(4.28) and (4.29), we conclude that 

f X g = lim /n X g= lim [Hi (/at, 5 ) + n 2 ifN,g) + ^3 ifN,g)] 

TV—>-oo TV—>-oo 

= Ui{f,g)+U 2 {f,g) + Us{f,g) in (^^(^ 7 ))% 

which, combined with Theorems 4.9, 4.10 and 4.16, then completes the proof of Theorem 
1.7 with ^ := 113 and Jif := Hi + 112 . 

Now we show (4.26). By Theorem 4.1 and Remark 4.2, we know that 

(4.30) g := - X{fc€Z: 5k>ro}U)'^gixo)] 

converges in both {X) and BMO(7t’). 

Now we choose a fixed collection {^at : G N, ^at C ^ and is finite} as in (3.9) 

and let 

■= ^ -X{fcGZ: +>ro}(i)V'^(^o) = (5, V’^) V’^ =: S-Y 

(jyl^)&‘^N (1,/3)€'+V 

in BMO(T’). 

By the finiteness of we know that g^ G A^(T’), which, together with Lemmas 3.1, 
3.3 and 3.7, and Remark 3.8, further implies that, for any G N, 

(4.31) a^Ai = Bi (a,5(Ar)+n 2 (a,5(Ar) TBs (a,5(Ar) in L^{X). 

Then we claim that, for all h G limAr->.oo(a x gN,h) = {a x g,h). Indeed, by 

the definition of the distribution, the duality between and BMO(T’), Lemma 4.11 

and (4.30), we conclude that 

(4.32) \{a xgN,h) - {a xg,h)\ 

— \{{gN — g) h,a)\ < IKs'tv — g) h\\ bmo(y) l|n|l//}+AT) 

~ ^^;r^^^ll^lle(/3,7) Wsn — g\\ bmo+(y) 

~ “^IIbMO(Y) + \\{gN -g)XBixi,l)\\L2^x) 

—>■0, N ^ oo. 

This proves the above claim. 

By Remark 4.2, we know that g — g =: is a constant. Let C(Ar) •= 5 y — gN for 

any N £ N. It is easy to see that C(Ar) is a constant, depending on N, for each A^ G N. 
From this, (4.32), (4.30), (4.31), Theorems 4.9, 4.10 and 4.16, B 2 (a, 1) = a and (2.13), we 
deduce that 

axg=axg + c^a = lim a xg^ + c^a = lim ra^fAr + C(]^)a\ + c^a 
Y—>-oo Y—>-oo ^ I J 
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= lim [ill (a, qn) + 1^2 (a, On) + Hs (a, qn) + C(Ar) 112 (a, 1)1 + C 4 a 

N^OO V y J 

= lim [III (a, g^) + II 2 {a, ^at) + Ilg (a, ^at)] + 040 

N^co 

= Hi (a, 5 ) + IIs (a, 5 ) + [112 {a, g) + 04112 ( 0 , 1 )] 

= Ui{a,g)+U 2 {a,g)+ n 3 {a,g) in {0^(13,-/))*, 

which completes the proof of (4.26) and hence Theorem 1.7. □ 
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